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8 and 9 (owned by the 2nd MPI process); Iteration 8: the reference
subtree 12 is pruned for the 3rd MPI process. Iteration 9: the reference
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SUMMARY

The class of computational problems I consider in this thesis share the common
trait of requiring consideration of pairs (or higher-order tuples) of data points. For
problems modeling pairwise interactions, we consider accelerating the operations on N
by N matrices of the form: K = k(z;,x;), ; where k(-,-) is the function that outputs
a real value given z; and x; from the data set. I focus on the problem of kernel
summation operations ubiquitous in many data mining and scientific algorithms.

In machine learning, kernel summations appear in popular kernel methods which
can model nonlinear structures in data. Kernel methods include many non-parametric
methods such as kernel density estimation, kernel regression, Gaussian process re-
gression, kernel PCA, and kernel support vector machines (SVM). In computational
physics, kernel summations occur inside the classical N-body problem for simulating
positions of a set of celestial bodies or atoms.

This thesis attempts to marry, for the first time, the best relevant techniques in
parallel computing, where kernel summations are in low dimensions, with the best
general-dimension algorithms from the machine learning literature. We provide a

unified, efficient parallel kernel summation framework that can utilize:

1. Various types of deterministic and probabilistic approximations that may be
suitable for both low and high-dimensional problems with a large number of

data points.

2. Indexing the data using any multi-dimensional binary tree with both distributed

memory (MPI) and shared memory (OpenMP /Intel TBB) parallelism.

Xix



3. A dynamic load balancing scheme to adjust work imbalances during the com-

putation.

I will first summarize my previous research in serial kernel summation algorithms.
This work started from Greengard/Rokhlin’s earlier work on fast multipole methods
for the purpose of approximating potential sums of many particles. The contribu-
tions of this part of this thesis include the followings: (1) reinterpretation of Green-
gard/Rokhlin’s work for the computer science community; (2) the extension of the
algorithms to use a larger class of approximation strategies, i.e. probabilistic error
bounds via Monte Carlo techniques; (3) the multibody series expansion: the general-
ization of the theory of fast multipole methods to handle interactions of more than two
entities; (4) the first O(N) proof of the batch approximate kernel summation using
a notion of intrinsic dimensionality. Then I move onto the problem of paralleliza-
tion of the kernel summations and tackling the scaling of two other kernel methods,
Gaussian process regression (kernel matrix inversion) and kernel PCA (kernel matrix
eigendecomposition).

The artifact of this thesis has contributed to an open-source machine learning
package called MLPACK which has been first demonstrated at the NIPS 2008 and
subsequently at the NIPS 2011 Big Learning Workshop. Completing a portion of
this thesis involved utilization of high performance computing resource at XSEDE
(eXtreme Science and Engineering Discovery Environment) and NERSC (National

Energy Research Scientific Computing Center).



CHAPTER 1

INTRODUCTION

This thesis focuses on scaling key bottleneck inner-loop computations on distributed
datasets. Data may be distributed because: 1) it is more cost-effective to distribute
data on a network of less powerful nodes than storing everything on one powerful
node; 2) it allows distributed query processing for high scalability. Each process
(which may/may not be on the same node) owns a subset of data and needs to initi-
ate communications (i.e. MPI, memory-mapped files) when it needs a remote piece
of data owned by another process. Many machine learning and scientific simulations
require running the computations on multiple parameter settings. KEspecially, the
number of points can be prohibitively large so that one CPU cannot handle the com-
putation in a tractable amount of time. Unlike the usual three-dimensional setting in
N-body simulations, D may be as high as or more than 1000 in many machine learning
methods. My thesis attempts to provide a general framework that encompasses ac-
celeration techniques for a wide range of both low-dimensional and high-dimensional

problems with a large number of data points.

1.1 What This Thests 1s About

The class of computational problems I consider in my thesis share the common trait of
requiring consideration of pairs (or higher-order tuples) of data points. For problems
modeling pairwise interactions, we consider accelerating the operations on N by N
matrices of the form: K = {k(x;,x;)};; where k(-,-) is the function that outputs a
real value given x; and x; from the data set. I focus on the following three fundamental

linear algebraic operations ubiquitous in many data mining and scientific algorithms:
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Figure 1: Left: an example two-dimensional point set. Right: the kernel matrix
—llz—yll?
formed by the point set shown in the left using the Gaussian kernel k(x,y) = e et

1. Kernel summations: Vx; € Xy, >, k(x1,X2)
x2€X2

2. Solving a linear system involving a kernel matrix: K-y
3. Eigendecomposing matrices: K = UXUT

In machine learning, the three operations above appear in widely used kernel meth-
ods which can model nonlinear structures in data and include many non-parametric
methods such as kernel density estimation [145], kernel regression [138], Gaussian pro-
cess regression [153], kernel PCA [164], and kernel support vector machines (SVM) [165].
In computational physics, kernel summations occur inside the classical N-body prob-
lem for simulating positions of a set of celestial bodies or atoms.

There are two main issues that one needs to address for developing scaling the
computations above on a distributed setting. First, acceleration is generally feasible
only by trading accuracy for speed. Therefore, it is very crucial for researchers and
scientists to be able to both quantify and control approximation errors. Secondly,
achieving scalability in a distributed setting requires additional considerations such
as: 1) minimizing inherently serial portions of the algorithm (Amdahl’s law); 2)

minimizing the time spent in critical sections; 3) overlapping communication and
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Figure 2: If the kernel is a probability density function, then we can do density
estimation. Kernel density estimation [145] involves the computation of weighted

column average of the kernel matrix >  w;k(q,r;) = Kw .
r;eR

computation as much as possible. In my thesis, I utilize 1) OpenMP for shared-
memory parallelism and 2) MPI for distributed-memory parallelism; it is also possible
to utilize (optionally) the CUDA programming framework for harnessing massive
parallelism in General Purpose Graphics Processing Units (GPGPUs) available on
today’s commodity machines but we will not explore it in this thesis.

The overall framework is derived in [117]. My thesis attempts to marry, for the first
time, the best relevant techniques in parallel computing, where kernel summations
are in low dimensions, with the best general-dimension algorithms from the machine

learning literature.

Thesis Statement: “Utilizing the best general-dimension algorithms, approxima-
tion methods with error bounds, the distributed and shared memory parallelism can

help scale kernel methods.”

In this thesis, I provide a unified, efficient parallel kernel summation framework that

can utilize:

1. Various types of deterministic and probabilistic approximations that may be

suitable for both low and high-dimensional problems with a large number of



data points.

2. Indexing the data using any multi-dimensional binary tree with both distributed

memory (MPI) and shared memory (OpenMP) parallelism.

3. A dynamic load balancing scheme to adjust work imbalances during the com-

putation.

The framework provides a general approach for accelerating the computation of many
popular machine learning methods. The motivation is similar to that of [119] and [98].
In [119], a general framework was developed to support various types of scientific
simulations. In [98], several graph mining operations (PageRank, Random Walk with
Restart (RWR), diameter estimation, and connected components) was parallelized
via an implementation of Generalized Iterated Matriz-Vector multiplication (GIM-V)
on HADOOP platform [21]. This thesis is based on parallelization of the previously
successful generalized N-body framework [78, 128] which is similar to the well-known
spatial join algorithms [64, 26] and is an extension of the parallelization work in [25].

The techniques analyzed and developed in this thesis have wide applications in per-
forming efficient, accurate computation in molecular dynamics, statistical modeling,
and astrophysical simulations. I utilize various techniques from numerical optimiza-
tions, approximation theory, computational geometry, and high-performance comput-
ing to develop scalable implementations. The components of the overall framework

in my thesis are the followings:

Reinterpretation of Greengard and Rokhlin’s Work: Greengard and Rokhlin’s
seminar work on the Fast Multipole Methods provided the foundation for kernel sum-
mation methods using hierarchical data structures. However, the theorem-proof pre-
sentation of their proposed approximation schemes is hard for non-experts to under-

stand. In my thesis, I re-cast Greengard and Rokhlin’s derivations in terms of the



Figure 3: A kernel £ is a similarity function. If it in addition satisfies the Mercer’s
conditions (K = 0), then it corresponds to a dot-product: k(x;,x;) = ¢(x;)" B(x;).-

more general framework called generalized N-body framework [78].

High-dimensional Kernel Summations: Classical approaches of accelerating ker-
nel sums using hierarchical data structures do not scale to higher-dimensions. Due to
the curse of dimensionality, distances between all pairs of points in high dimensions
concentrate around one value and hierarchical data structures such as kd-trees and
metric-trees adapt poorly to underlying data. High-dimensional kernel summations
need to be dealt with in kernel principal component analysis and kernel support vector
machines.

None of the previous approaches for kernel summations addresses the issue of
reducing the computational cost of each distance computation which incurs O(D)
cost. However, the intrinsic dimensionality d of most high-dimensional datasets is
much smaller than the explicit dimension D (that is, d < D). In my thesis, I provide
two approaches for handling high-dimensional kernel summations. First, I extend
the original fast multipole-type methods to use approximation schemes with both
hard and probabilistic error. Second, I propose a new data structure called subspace
tree which maps each data point in the node to its lower dimensional mapping as
determined by any linear dimension reduction method such as PCA. This new data

structure is suitable for reducing the cost of each pairwise distance computation, the
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Figure 4: Top: FEigendecomposition of a kernel matrix into a set of kernel eigen-
vectors and kernel eigenvalues. Bottom: Projection of the MNIST [111] training
dataset onto its first two kernel principal components.

most dominant cost in many kernel methods.

Higher-order Generalization of Fast Multipole Methods (Chapter 7): I
generalize the theory of fast multipole methods to handle interactions of more than
two entities, so-called multibody series expansion. A three-body potential function can
account for interactions among triples of particles which are uncaptured by pairwise
interaction functions such as Coulombic or Lennard-Jones potentials. Likewise, a
multibody potential of order n can account for interactions among n-tuples of particles
uncaptured by interaction functions of lower orders. To date, the computation of

multibody potential functions for a large number of particles has not been possible
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Figure 5: Inverting the kernel matrix K=!. An example application includes the
well-known Gaussian process regression.

due to its O(N™) scaling cost.

@(x;w) =y S Y kxx e xi,) (1.1.1)
(n—1) copies Xip €X\{x} xi3€X\{x} Xip€X<\{x}
12<13 tn—1<in

For the first time, I provide a fast Barnes-Hut type algorithm for efficiently approxi-
mating multibody potentials. My approach guarantees a user-specified bound on the
absolute or relative error in the computed potential. I provide speedup results on
a three-body dispersion potential, the Axilrod-Teller potential [9]. This work is in

submission to a journal in computational physics community [116].

Runtime analysis of Kernel Summations: Previous runtime analysis of the
pairwise kernel summation method used the assumption of uniformity of the data
distribution. I use a new new notion of distribution-dependent measure called the

expansion constant, which has been successfully used in proving the O(log N) runtime
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Figure 6: Storing the kernel matrix in the main memory for even a small number
of points is expensive. For example, the MNIST [111] handwritten digit recognition
data of sixty-thousand 28 x 28 images requires over 28 GB to store the kernel matrix
in double precision.

of the nearest neighbor search of a single query point [20]. T provide the first rigorous

proof of the linear time complexity of the approximate kernel summation. This is not

included in the thesis but published in [151].

1.2 Open-source Machine Learning: MLPACK

I have been involved in an open-source development of machine learning package
called MLPACK aimed for large-scale data analysis. As both a numerical software
developer and researcher, I believe that writing and sharing robust code is imperative
for the advancement of science. For example, well-documented source code for Fast
Multipole Methods is hard to find. Therefore, I have made my C++ implementa-
tion available as a part of MLPACK for other researchers. Maintaining MLPACK
required utilizing many open source software for scientific computing, such as Trili-
nos [93], Armadillo linear algebra library [163], the GNU Scientific Library [49] and
Boost Library [107]. MLPACK has been first demonstrated at the NIPS 2008 [24]

and subsequently at the NIPS 2011 Big Learning Workshop [53]. 1 have utilized



high performance computing resources such as XSEDE (eXtreme Science and Engi-
neering Discovery Environment) and NERSC (National Energy Research Scientific

Computing Center) for completing a portion of this thesis.

1.3 Structure of This Thesis and Notations

This thesis is organized into the following parts:

e Chapter 2 first defines the general class of kernel summation problems and
introduces preliminary materials on data structures, algorithmic framework,

and approximation methods.

e Chapter 3 elucidates the mathematical machinery underneath the popular fast
multipole methods using figures and algorithms. As a running example, it de-
rives for the first time a hierarchical version of the famous fast Gauss transform

using the O(pP) Cartesian expansion.

e Chapter 4 derives another hierarchical version of the fast Gauss transform using

the O(DP) Cartesian expansion.

e Chapter 5 proposes two strategies for scaling kernel summations to higher di-
mensions using a Monte Carlo sampling and a data structure that is able to

capture dominant subspace information.

e Chapter 6 provides an application of fast pairwise kernel summations to mean
shift, a popular nonparametric clustering. Nonparametric clustering is then

used for the task of image segmentation.

e Chapter 7 for the first time extends the pairwise kernel summation framework
to a higher-order kernel summation. Based on this new derivations, this chapter

provides a fast hierarchical algorithm for the problem of multibody potential



summation for accurately modeling higher-order interactions in molecular dy-

namics.

e Chapter 8 provides the parallel extension for kernel summations. It introduces
the method for building a large-scale distributed multidimensional tree and the

distributed kernel summation framework.

e Chapter 9 introduces the distributed averaging framework. It then shows how
to combine it with the random feature extraction method to create fast kernel

eigendecomposition and kernel inversion methods.

e Chapter 10 summarizes the contributions and outlines some possible future

research directions.

Throughout this thesis, we use these common sets of notations:

e (Normal Distribution). This is denoted by N (u, X).

e (Matrix, Vector, Scalar). We denote a matrix by a bold uppercase alphabet
(e.g. A) and a vector by a bold lowercase alphabet (e.g. a). A scalar is always
an italicized lowercase or uppercase alphabet (e.g. a or A). Likewise, we denote
a function by its output. For example, for a function whose output is a matrix,
we denote it by a bold uppercase alphabet (e.g. F : RP x RP — R? x R®). For
a function outputting a vector, f : RP x R” — R. Lastly, a function outputting

a scalar, f : RP x RP — R.

e (Vector Component). For a given vector v € R¥, we access its d-th compo-

nent by v[d| where 1 < d < k (i.e. 1-based index).

e (Multi-index Notation). Throughout this paper, we will be using the multi-
index notation. A D-dimensional multi-index « is a D-tuple of non-negative
integers and will be denoted using a bold lowercase Greek alphabet. For any

D-dimensional multi-indices «, 3 and any x € R”,

10



ol = afl] + a2 + -+ alD)

ol = (a[1)!(af2))!- - (a[D])

x® = (x[1])1 (x[2)) - (<[ D]

Do — gellget . el

a+B=(afl] + B0l alD] +BD)
a—B=(all] - A1), ,alD] - BID)) for a > B.

where 0; is a i-th directional partial derivative. Define @ > 3 if a[d] > B]d],

and a > p for p € ZTU{0} if a[d] > p for 1 < d < D (and similarly for a < p).

(Set of Points). Each of these is denoted by a bold upper case alphabet. For a
multidimensional dataset, this can be represented as a matrix P = {p1, -+ , pn}

where each p; € R? is a column vector of P.

(Distance between a Pair of Points). ||-|| is assumed to be the Euclidean

metric unless specified otherwise.
(Size of a Point Set). Given a set S, it size is denoted by [S].

(Dimensionality). We reserve the italicized uppercase D for the dimension-

ality of the problem.
(Probability Guarantee). We use the unbold Greek alphabet a.

(Reference Set/Query Set vs Training Set/Test Set vs Source Set/Target
Set). Following [78, 80, 77], we use the terms reference set and training set and
source set interchangably. Likewise, the terms query set and test set and target
set have the same meaning. The query set is denoted as Q and the reference

set is denoted as R.

(Subset of a Point Set). Given a point set D, denote any of its subset by

D c D. D contains a subset of the columns of D.

11



e (A Tree Node). A tree node represents a subset of a point set represented by

the root node. Hence, we use the same notation as the previous.

e (Representative Point of a Tree Node). Usually a geometric center is used
but any point inside the bounding primitive of a tree node is chosen as well.

For the tree node P, this is denoted as cp.

e (Child Nodes of an Internal Tree Node). Given a node N, denote its left

and right child nodes by NZ and N respectively.

12



CHAPTER 11

PRELIMINARY MATERIALS

We first define a general class of problems called generalized N-body problems [78].

Definition 2.0.1. A generalized N-body problem is a computational problem over a
set of point sets Xy - -+ , X, and associative, commutative operators @,,--- , ), and

f:Xyx--xX, =R

V(Xq,. .., Xy) = ®1 ®nf(xl,...,xn) (2.0.1)

x1€X1 Xn€Xn

subject to decomposability requirement for 1 <11 <mn,
O Xy, ) =0 X ) @u( X L. (2.0.2)

A generalized N-body problem is monochromatic if Xy = --- = Xy. Otherwise it is a

multi-chromatic problem.

We note that the associative, commutative properties of the operators @), - -+ , &),
let us re-order computations efficiently without changing the results (up to numerical
precision) and the decomposability property lets us decompose the problem using a
spatial decomposition of each point set Xy, -+, X,,.

In this thesis, we restrict ourselves to a subset of this rather large class of problems

called kernel summation problems. We start by defining the following useful operator:

Definition 2.0.2. A map operator is an operator over a given set X and outputs a

vector whose component corresponds to each element x; € X. That 1s:

f(X1,Y)
map f(x;,Y) = : (2.0.3)

x;€X
f(xx), Y)

13



We are now ready to define the general class of kernel summation problems?.

Definition 2.0.3. A kernel summation problem is a computational problem over a

set of point sets Xq--- , X, and k: Xy X -+ x X, = R

B(Xy x - xXy)=map > - > k(xy,,x,) (2.0.4)

Xip €X1 Xi, €X2 Xip €Xn

Denote each scalar component of ®(Xy x -+ x Xy,) by fizing the argument corre-

sponding to the first set Xq: ®(x1;Xg X -+ X Xy).
The specific kernel summation problems we deal with in this thesis include:

1. Pairwise kernel summations (Chapter 3 and Chapter 5):

®(QxR)=map | Y wjk(qs1;) (2.0.5)

CIieQ rjER

2. Multibody potential summations (Chapter 7):

(I)(XX"'XX>:map Z Z z k(xaxiz"'7xin>
—_—
. xeX x;, eX\{x} xiz €X\{x} xiFGX\{x}
n COpPIleS 10 <i3 In—1<in

Later we show that the problems of kernel matrix eigendecomposition and inversion

can be reduced to the problem of kernel summations (see Chapter 9).

2.1 Multidimensional Trees

In this thesis, we focus on hierarchical methods because: 1) it is a natural framework
to control approximation in a varying degree of resolution; 2) the specialized accel-
eration techniques can always be used as a base case. We utilize a hierarchical data
structure called multidimensional tree to form hierarchical groupings of points based
on their locations. We use a variant of kd-trees [15] using the recursive procedure

shown in Algorithm 2.2.1. Initially, the algorithm starts with P = X (the entire point

'Note that [94] defines another general class of nested summation problems.

14
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Figure 7: kd-tree of a two-dimensional point set. At each level, the bounding box is
split in half along the widest dimension. The solid points denote the points owned
by each node. At each leaf node, we can enumerate each point with its depth-first
rank. The minimum depth-first rank (inclusive) and the maximum depth-first rank
(exclusive) is shown for each node.

set). We split a given set of points along the widest dimension of the bounding hyper-
rectangle into two equal halves at the splitting coordinate such that the resulting two
subsets P and P# are disjoint? and P = PX U P®. We continue splitting until the
number of points is below some user-defined threshold called the leaf threshold. 1If
the number of points owned by a node exceeds the leaf threshold, then it is called
an internal node. Otherwise it is called a leaf node. Assuming that each split on a
level results in the equal number of points on the left subset and the right subset
P and P% respectively, the runtime cost is O(|X]log |X]). We note that the cost of
building a kd-tree is negligible compared to the computations we perform using it.
Other multidimensional trees include octrees, kd-trees [15], and cover-trees [20]. Note
that Algorithm 2.2.1 is a serial algorithm and we will discuss the parallel construction
algorithm in Chapter 8.

Cached Sufficient Statistics. In addition to the bound information, each node
is decorated with statistics about the points underneath it. These are called cached

sufficient statistics [133], and some examples include:

2Spill-trees [121] do not obey this property and have been used for speeding up high-dimensional
nearest neighbor searches.
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Algorithm 2.2.1 BUILDKDTREE(P): builds a kd-tree from P (see Figure 7).

if |P| is above the leaf threshold then
Find the widest dimension d of the bounding box of P.
Choose an axis-aligned split s along d.
Split P = PL UPE where P = {x € P | x[d] < s} and P® = P\P~L.
BuiLbDKpTREE(PY), BUILDKDTREE(PF)
Form far-field moments of P by translating far-field moments of P* and P¥.
else
Form far-field moments of P.
Initialize summary statistics of P.

1. Covariance, principal eigendirections and eigenvectors of the owned points.

2. Far-field moments in fast multipole methods and their variants [78, 80, 82, 77,

83, 84, 85, 86].

We can efficiently perform these statistics on each leaf node and recursively translating

the statistics of the children node for an internal node. See Figure 8 and Section 3.1.3.

2.2 Generalized N-body Framework

The general framework for computing Equation (2.0.1) is formalized in [78, 82,

80, 77]. This approach consists of the following steps:

1. Build a spatial tree (such as kd-trees) for each of the particle sets Xy, -, X,

and their cached sufficient statistics (Bottom-up phase)?
2. Perform a multi-tree traversal over n-tuples of nodes (Approximation phase).

3. Pre-order traverse the tree and propagate unincorporated bound changes down-

ward (Top-down phase).

The generalized N-body framework using the multi-tree traversal is shown in

Algorithm 2.2.2, (called by setting each P; = X for 1 < ¢ < n), a recursive function

3t is possible to build a single tree on the union of the particle sets Xy, -+ ,X,, (as done in the
FMM literature) and apply the same framework, but we do not consider this approach since the
extension is trivial.
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Figure 8: Efficient bottom-up translation of cached sufficient statistics. This includes
the far-to-far translation operator in fast multipole method literature.

that allows us to consider the n-tuples formed by choosing each x; from Pj; we can
gain efficiency over the naive enumeration of the n-tuples by using the bounding box
and the moment information stored in each P;. One such information is the distance
bound computed using the bounding box (see Figure 10).

CANSUMMARIZE function tests whether ®(Xjy,...,X,) can be approximated
within the error tolerance determined by the algorithm. If the approximation is
not possible, then the algorithm continues to consider the data at a finer granularity;
it chooses an internal node Py (typically the one with the largest diameter) to split
among {P;}7,. Before recursing to two sub-calls in Line 9 and Line 10 of Algo-
rithm 2.2.2, the algorithm can optionally push quantities from a node that is being
split to its child nodes (see Line 8 and Figure 16). After returning from the recursive
calls, the node that was just split can refine summary statistics based on the results
accumulated on its child nodes (see Line 11 and Figure 17).

The basic idea is to terminate the recursion as soon as possible, i.e. by consid-

ering a tuple of large subsets and avoiding the number of exhaustive leaf-leaf-leaf
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Figure 9: Efficient tow-down propagation. This includes the local-to-local translation
operator in fast multipole method literature.

computations. We note that the CANSUMMARIZE and SUMMARIZE functions effec-
tively replace unwieldy interaction lists used in FMM algorithms. Interaction lists in
n-tuple interaction, if naively enumerated, can be large depending on the function k
and the dimensionality D of the problem, whereas the generalized N-body approach

can handle a wide spectrum of problems without this drawback.

2.3 Approximation Methods

We first focus on the pairwise kernel summation form (n = 2) whose canonical form
is given in Equation 2.0.5. The computation tree for a pairwise problem is shown
in Figure 11. For a given level, some computations are independent; some have to
be computed sequentially. The key question is how to specify the CANSUMMARIZE
function so that the recursive call terminates at a higher pair Q*“* x R,

The key idea is to exploit the properties of the function &£ and compress the point
sets Q*** and R*“’. These are roughly divided into the followings:
1. k has a finite extent: a kernel is zero outside a certain domain. An example

would be the Epanechnikov kernel k(q,r) = max {O7 1— W“;—;'P}
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Figure 10: The lower and upper bound on pairwise distances between the points
contained in a pair of nodes.

Algorithm 2.2.2 MULTITREE({P;}!,): The canonical multi-tree algorithm.
if CANSUMMARIZE({P;}",) (Try approximation.) then
SUMMARIZE({P;}" ;)
else
if all of S; are leaves then
MuULTITREEBASE({P;}!,) (Base case.)
else
Find an internal node Py to split among {P;}7,.
Propagate bounds of Py to Pl and PR
MULTITREE({Py, - -+ , Px_1,Pi”, Pry1, -+, Pn})
MULTITREE({Py, - -+ , Pr_1, P, Pyyq, -, Pn})
Refine summary statistics based on the two recursive calls.

2. k is numerically low-rank given the training set: the kernel matrix K has a
low rank implying the data points lie in a span of a smaller subset in the induced
reproducing kernel Hilbert space.

3. k is (conditionally) positive-definite.

Definition 2.3.1. Positive definite kernel: Let x be a nonempty set. If k:x X x
for all m € N and all Xq,--- ,Xm € X gives rise to a positive definite kernel matriz

K, then k is positive-definite. That is, >, ¢;¢;K;; >0 for all ¢; € C.
4,3
Conditionally positive definite kernel: £ is conditionally positive definite if

;K ; >0 forall Y ¢; =0.
N
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Figure 11: The dual-tree algorithm is given in Algorithm 2.3.1 and is a special case
of Algorithm 2.2.2. An example computation tree for a pairwise N-body problem.
Here we branch simultaneously both of the sets () and R. Vertical dashed arrows
denote independent computations. Each point in () is associated with a query result
which must be synchronized under parallelization setting. Horizontal dashed arrows
denote computations that must be performed sequentially due to this reason.

Fast algorithms for evaluating kernel sums can be divided into four types: 1)
hierarchical methods which employ spatial partitioning structures. These methods
achieve efficiency via series expansion or finite-extent nature of the kernel; 2) reduced

set methods from physics/machine learning communities [165]; 3) Monte Carlo-based

methods in the data space; 4) random projection-based methods in the function space.
2.3.1 Hierarchical Methods

Series Expansion-based Methods. Most hierarchical methods using trees utilize
series expansions. The first expansion called the far-field expansion summarizes the

contribution of R** for a query q:

O R™) = D wik(ar) = Y wi Y bun(a R ) (r,, R™)

rjneRsub Tjn ERsub m=1

= (@ R™) | > b, (ry, R™) | = nn(q, R™) My, (R™)
m=1 m=1

. b
rj, ERsY

where 7,,’s and ,,,’s show dependence on the subset R***. The second type called
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Algorithm 2.3.1 DUALTREE(Q***, R*“*): The canonical dual-tree algorithm.

if CANSUMMARIZE(Q®**, R***)  (Try approximation.) then
SUMMARIZE(Q**, R*%)
else
if Q*“ is a leaf node then
if R** is a leaf node then
DUALTREEBASE(Q** R***) (Base case.)
else
Propagate bounds of Q*** to Q*“*** and Q.
if R** is a leaf node then
DUALTREE(Q**>L R*"), DUALTREE(Q**f R*%)
else
DUALTREE(Q**»L R*L) DUALTREE(Q®“>% RL)
DUALTREE(Q**»L R*“0:®) DUALTREE(Q®*>f Ru1)
Refine summary statistics based on the recursive calls.

the local expansion for q € Q*** C Q expresses the contribution of R** near q:

O R™) = Y wiklar,) = Y wi, > gmm(rie, Q) m(a, Q)

rjneRsub rjneRsub m=1

=3 Un@Q) [ D gmwi (@5, Q) | =D tm(q, Q) L (R, Q)
m=1

rin eRsub m=1

Both representation are truncated at a finite number of terms depending on the
level of prescribed accuracy, achieving O(|Qllog|R|) runtime in most cases. To
achieve O(|Q| + |R|) runtime, we require an efficient linear operator that converts
M,,(R) into L,,(R,Q)’s. Depending on the basis representations of n’s and ’s, the
far-to-local linear operator is diagonal and the translation is linear in the number of
coefficients. There are many serial algorithms [7, 10, 83, 84, 30, 78, 203] that use
different series expansions forms to bound error deterministically.

Finite-extent Kernels. While most FMM algorithms have focused on approximat-
ing continuous differentiable kernel sums, [78, 80, 82, 77] have generalized to handle
any kernels including the popular Epanechnikov kernel widely used in statistics. A
region of space outside the finite extent from a given query point (or a group of

query points) are pruned using the distance criterion. [156] has also generalized and
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Figure 12: The reference points (the left tree) are hierarchically compressed and
uncompressed when a pair of query (from the right tree)/reference nodes is approxi-
mated within an error tolerance.

developed a series-expansion-like moments for the Epanechnikov kernel.
2.3.2 Reduced Set Expansion-based Methods

Reduced set methods express each data point as a linear combination of points (so
called dictionary points each of which gives rise to the function b : R? x RP — R):
®(q; R) & (q; R™™) = Y~ wb(q, du)
dy €RD
where |R™¢| < |R| and the resulting kernel sum can be evaluated more quickly.
In the physics community, uniform grid points are chosen and points are projected on
Fourier bases (i.e. b(-,-) is the Fourier basis). Depending on how the particle-particle

interactions are treated, a FFT-based summation method belongs to the category
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Figure 13: Kernel linear independence criterion for choosing the reduced set expan-
sion. The solid arrow ¢(xx) is projected down into a set of components ¢(x;) and
¢(x2) with some reconstruction error.
of Particle-Particle-Particle Mesh (P3*M) method or Particle-Mesh (PM) method.
However, these methods do not scale beyond three dimensions due to uniform grids.
Recently, machine learning practitioners have employed a variant of reduced set
method that utilize positive-definiteness (or conditionally positive-definiteness) of the
kernel function and successfully scaled many kernel methods such as SVM and GPR.
[66] uses the incomplete Cholesky factorization to compute a sparse low rank approxi-
mation K = GGT ~ K. However, this requires storing K in memory. Another simple
algorithm is the Nystrom method [195] which reduces the O(N?) computational cost
by carrying out an eigendecompoisition on a smaller set of randomly chosen train-
ing points. Recued set methods generally require optimizing the basis points given
a pre-selected error criterion (i.e. on reconstruction error in the reproducing kernel
Hilbert space or generalization error with/without regularization) and the resulting

dictionary R™4ed can be quite large in some cases [176, 175, 141, 167].
2.3.3 Monte Carlo-based Methods

[95] proposes a probabilistic approximation scheme based on the central limit theo-

rem, and [113] used both deterministic and probabilistic approximations. Especially,
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probabilistic approximations can help overcome the curse of dimensionality at the
expense of indeterminism in approximated kernel sums. The error bounds provided
by the deterministic expansions are generally pessimistic and loose. We have an addi-
tional parameter o that controls the probability level at which the deviation between

each approximation and its corresponding exact values holds.

Theorem 2.3.2. Central limit theorem: Let fi, fo, ---, fi. be independent,
identically distributed samples from the probability distribution F with variance o2,

and 1 = = 37 f, be the sample mean of the samples. As m — oo, [i ~ N(p,0%/m).
s=1

A widely accepted statistical rule of thumb asserts that 30 or more samples are
usually enough to put a sample mean into the asymptotic regime. Berry-Esseen
theorem characterizes the rate at which this convergence to normality takes place

more precisely:

Theorem 2.3.3. Berry-Esseen theorem: Let i be the sample mean of m samples

drawn from the distribution F, and let i, o

, and p be the mean, variance, and third
central moment of F. Let F,,(x) be the cumulative distribution function of i, and
U (z; 1, 02) be the cumulative distribution function of the Gaussian with mean p and

variance 0. Then there exists a constant C' > 0 such that for all values of [t and m:

Cp
ad\/m

which roughly says that the discrepancy between the normal distribution and the

| P (1) = (155 1, 0%)] <

sample mean distribution goes down as \/Lm For each q € Q, we get the empirical

distribution F2 using m samples. We can then form an approximate &D(q; Rs):

sub| ™
= B S kar) (2.3.1)

s=1

®(q; R*™; F3) = |R*“|fipa
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Figure 14: Random feature extraction method by [150].

2.3.4 Random Projection-based Methods

[2] proposes to replace the kernel matrix K with its randomized variant using ran-
dom projections and randomized rounding. Randomized rounding sparsifies K, which
helps in accelerating the matrix-matrix product inside orthogonal /Lanczos iteration,
while the random projection reduces the dimensionality of each point which enables
faster computaton of pairwise distances. However, the authors focused only on theo-
retical analysis without providing concrete experimental results.

[150] proposes explicitly mapping the data to a low-dimensional Euclidean inner
product space using a randomized feature map. The inner product in the new low-
dimensional space equals the kernel value in expectation. For positive-definite kernels,

this techniques relies on the classical theorem by Bochner [158] stated here:

Theorem 2.3.4. A continuous kernel k(q,r) = k(q — 1) on RP is positive definite

if and only if k(0) is the Fourier transform of a non-negative measure.

A positive continuous real-valued kernel k(q,r) can now be written as*:

k(q,r) = /p(w)e"“’T(q_r)dw = /p(w) cos (wT(q — r)) dw = Epp(w) [Ew(q)wa (r)]

RD RD

(2.3.2)

4 Although [85] uses the same Fourier integral representation of k, the authors truncate the Fourier
integral and apply a quadrature rule for approximation.
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where &, (x) = [cos(w"x), sin(wa)}T. For the Gaussian kernel, p(w) = e~ llwI?/(2/m)?,
the D-dimensional Gaussian function with the bandwidth of % We can now express
Equation (2.0.5) as:
P(GR) = ) wBup) [ol@) €u(r)] (2.3.3)
rjeR
This approach has been recently extended to utilize for positive definite dot product
kernels of the form k(x,y) = f(< x,y >) for some real; valued function f : R — R
and compositional kernels of the form k.,(x,y) = kap(k(x,y)) where kg, is some dot
product kernel and k is an arbitrary positive definite kernel.
For general kernels, [150] proposes the usage of random binning which is reminis-
cent of the locality sensitive hashing approach [74]. [169] generalizes [150] by providing

randomization techniques for structured data including strings and graphs.

2.4 FError Bounds

Many kernel summation algorithms trade precision over speed. The following error

bounding criteria on Equation (2.0.3) are used in the literature:

Definition 2.4.1. 7 absolute error bound: For x;, € Xy, compute 5(Xi1;X2 X

- x Xy) such that ‘&')(xil;x2 XX X)) — B(x; X X - x Xa)| < 7.

Definition 2.4.2. € relative error bound: For x;, € Xy, compute (f)(xil;X2 X

- x Xy) such that ‘&)(Xil;X2 X oo X Xp) — P(x4,; X X - X Xy)

<

€| P (x5, Xg X -+ X Xyl

Bounding the relative error is much harder because the error bound criterion
is in terms of the initially unknown exact quantity. As a result, many previous
methods [84, 201] have focused on bounding the absolute error. The relative error
bound criterion is preferred to the absolute error bound criterion if the amount of error

incurred must be controlled with respect to the relative magnitude of the computed
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Figure 15: The cologgd nodes form a frontier of nodes used to approximate ®(q; R) =
S O(q; R**) with d(q;R) = 3 d(q; Ro™).

Resub Rsub

quantities. The following error bound criterion is a hybrid form that enforces both

relative and absolute errors.

Definition 2.4.3. (1 — «) probabilistic € relative/r absolute error: For x;, €
X4, compute 5(Xi1; Xg X -+ x Xy,), such that with at least probability 0 < 1 —a <1,

D(xi,; Xg X oo x X)) — B(xi,; X X -+ x Xp)| < e]D(xp,; Xp % -+ x Xy)| + 7.

Using Trees for Allocating Errors. Suppose we are approximating Equa-
tion (2.0.5) and given a tree over the reference set R (see Figure 15). We can use a
frontier of nodes in this tree to form a partition of the entire reference set R such that
R = [JR*. Given that the exact quantity for a given query q is given by the sum of
the exact quantities contributed by the partition: ®(q;R) = Eb d(q; R*Y), we can
approximate the contribution of each part and aggregate theFItn to form the overall
approximation: EIVD(q; R)= > &D(q; R*“"). The maximum error is then by bounded

R sub
by the application of triangle inequality:

(a;R) - O(q;R)| = | > B(a; R™) — @(q; R™)

Rsub

<> [B(@R™) - o(a; R™)

Rsub

(2.4.1)
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Each part |®(q; R") — ®(q; R**)| can be bounded using any of the approxima-
tion methods in Section 2.3 given the selected overall error bound criterion (see Sec-
tion 2.4). The usual strategy is to allocate errors in proportion to 1) the number
of points in the given frontier node; 2) the amount of data variance in the given
frontier node [95]. The error allocation can be dynamically re-adjusted during the

computation [112].
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Figure 16: Bound propagation example. An internal node pushes quantities to its
immediate child nodes. These child nodes in turn incorporate the received quantities
inside their appropriate slots.
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Figure 17: Bound refinement example. An internal node refines its lower and upper
bounds based on the bounds held by its child nodes.
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CHAPTER II1

SERIES EXPANSION-BASED METHOD I

This chapter introduces the series expansion-based method for scaling pairwise kernel
summations (Equation (2.0.5)). We focus on a specific instance of Equation (2.0.5)

where the kernel is the Gaussian kernel k(q,r) = exp (%ﬁ):

® (Q x R) =map Z w; exp (—qu——ﬁw> (3.0.2)

2
4€Q I'jER 2h

where we put a uniform weight over each reference point (i.e. w; = 1)'. Intuitively,
selecting the Gaussian kernel already puts some structures to the problem. The
Gaussian kernel is 1) continuously differentiable with respect to its arguments; 2)
positive-definite and has a well-defined Fourier transform. Fast multipole methods
discussed in this chapter take advantage of the first property. Here we define the

computational task tackled in this chapter.

Problem: Suppose we are given the set of query points Q and the set of reference

points R. Given a pairwise Gaussian kernel function k(x,y) = exp (_H;T?'W), the

relative error level € > 0, and the desired kernel sum ®(q;R) = > k(q,r;) for each
I'jER

qeqQ,

Task: Compute an approximation EI;(q; R) for each q € Q such that

O(q;R) — ¢(q; R)| < eP(q; R) as fast as possible.

!The extension to non-uniform weights is trivial.

31



This chapter builds on [114] where the Dual-Tree Fast Gauss Transform was pre-
sented briefly. The Dual-tree Fast Gauss Transform was the first serious effort in com-
bining the best tools from discrete algorithms and continuous approximation theory.
This chapter adds details on the approximation mechanisms used in the algorithm
and provides a more thorough comparison with the other algorithms. Section 3.1
describes the extensions to the dual-tree algorithm to handle higher-order series ex-
pansion approximations. This expansion uses the O(p”) expansion proposed in [84]
and results from taking dimension-wise products of truncated Taylor expansions. In
Section 3.2, we provide performance comparison with some of the existing methods

for evaluating the Gaussian kernel sums in a serial setting.

3.1 Dual-Tree Fast Gauss Transform

3.1.1 Mathematical Preliminaries

Univariate Taylor’s Theorem. The univariate Taylor’s theorem is crucial for the
approximation mechanism in Fast Gauss transform and the new algorithm:
Theorem 3.1.1. If n > 0 is an integer and f is a function which is n times con-

tinuously differentiable on the closed interval [c,x] and n + 1 times differentiable on

(c,x) then

f(x) ZZn:f(i)(C)(x_c)i + R, (3.1.1)
1=0

i!

where the Lagrange form of the remainder term is given by

z—c)ntl
R, = f+1(€) ( (nJr)l)! for some £ € (¢, x).

Properties of the Gaussian Kernel. Based on the univariate Taylor’s Theorem
stated above, [84] develops the series expansion mechanism for the Gaussian kernel
sum. Our development begins with one-dimensional setting and generalizes to multi-

dimensional setting. The Rodrigues’ formula defines the Hermite polynomials:
H,(t) = (—1)"exp(t*) D" exp(—t*),t € R! (3.1.2)
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The first few polynomials include: Hy(t) = 1, Hi(t) = 2t, Ho(t) = 41> — 2. The

generating function for Hermite polynomials is defined by:
exp(2ts — %) = —H,(t) (3.1.3)
n

Let us define the Hermite functions h,,(t) = exp(—t?)H,(t). Multiplying both sides

of Equation (3.1.3) by exp(—t?) yields:

Mg
S| %

exp(—(t — s) hn(t (3.1.4)

We would like to use a “scaled and shifted” version of this derivation for taking the

bandwidth A into account.

e () o (LB Y LS () (1)

Note that our D-dimensional multivariate Gaussian kernel can be expressed as a prod-

uct of D one-dimensional Gaussian kernel. Similarly, the multidimensional Hermite
functions can be written as a product of one-dimensional Hermite functions using the

following identity for any t € R”.

Ha(t) = Hap(t[1]) - Hagp)(¢[D]) (3.1.5)

ha(t) = exp(—[[t][*) Ha(t) = haq(t[1]) - - haip) (t[D])

oo (I g ()

We can also express the multivariate Gaussian about another point so € R” as:

- () ()

The representation which is dual to Equation (3.1.7) is given by:

exp(_thT_zsw) ) l_D[ <§: %hw (to[d];h:[d]) (t[d]Q;ﬂto)ﬁ)
) )
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The final property is the recurrence relation of the one-dimensional Hermite function:

Brgi(t) = 2t - hy(t) — 2n - hy_1 (1), € R (3.1.9)

and the Taylor expansion of the Hermite function h(t) about to € RP.

ha(t) = M(—mlﬁlhm(to) (3.1.10)
B=0 A

3.1.2 Notations in Algorithm Descriptions

Here we summarize notations used throughout the descriptions and the pseudocodes
for our algorithms. The followings are notations that are relevant to a query point

q; € Q or a query node Q** in the query tree.

e RF(:): The set of reference points rj, € R whose pairwise interaction is com-

puted exhaustively for a query point q; € Q or a query node Q**.

e R™(.): The set of reference points r;, € R whose contribution is via far-to-

local approximation for a given query point q; € Q*** or a query node Q.

e RPL(:): The set of reference points rj;, € R whose contribution is from a local

expansion for a given query point q; € Q*** or a query node Q**.

e RPF(.): The set of reference points rj, € R whose contribution is from a far-field

expansion for a given query point q; € Q*** or a query node Q**.
The followings are notations relevant to a query point q; € Q.

o &(qg;; R*): The true initially unknown kernel sum for a query point g; con-

tributed by the reference set R*** C R, ie. >,  k(||a; —rj,.]])-

. sub
rJn GRQU

e d(q;;R): A lower bound on ®(q;; R).

o &/(Q* x R): A lower bound on ®(q;; R) for q; € Q.
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®“(q;; R): An upper bound on ®(q;;R).

P4(Q*** x R): An upper bound on ®(q;; R) for q; € Q**.

®(q;; R*): An approximation to ®(qs; R**) for R*** C R. The additive prop-

erty for a family of pairwise disjoint sets {R;}7,: ® <qi; U Ri> =3 ®(qi; Ry).
i=1 i=1

d (qi; {(Rj,AJ-)};”:l): A refined notation of @ <qi; U Rj> to specify the type

=1
of approximation A; used for each reference node R/.

Here we define some notations for representing postponed bound changes to ®!(q;,; R)

and ®“(q;,_; R) for all g5, € Q> C Q.

o A(Q**): Postponed lower bound changes on ®/(Q*** x R) for a query node

Q** in the query tree and ®!(q;_; R) for q;,, € Q.

o A%(Q*"): Postponed upper bound changes on ®*(Q%*’ x R) for a query node

Q** in the query tree and ®“(q;_; R) for q;,, € Q.

These postponed changes to the upper and lower bounds must be incorporated into
each individual query q;_ belonging to the sub-tree under Q.

Our series-expansion based algorithm uses four different approximation methods,
ie. A€ {D,N(c,p)7 F(c,p),N(c,p)}. For each R*, an approximation method is
chosen. D denotes the exhaustive computation of ZRk(| lqi —15.])). N(c, p) denotes
the translation of the order p far-field moments ofmfi“‘b to the local moments in the
query node Q*** that owns q; about a representative centroid c¢ inside Q***. F(c,p)
denotes the evaluation up to the p-th order far-field expansion formed by the moments
of R*“ expanded about a representative point ¢ inside R***. N(c, p) denotes the p-th

order direct accumulation of the local moments due to R about a representative

centroid c inside Q** that owns q;. We discuss these methods in Section 3.1.3.
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3.1.3 Series Expansion for the Gaussian Kernel Sums

We would like to point out to our readers that we present the series expansion in a
way that sheds light to a working implementation. [84] chose a theorem-proof format
for explaining the essential operations. We present the series expansion methods
from the more informed computer science perspective of divide-and-conquer and data
structures, where the discrete aspects of the methods are concerned.

One can derive the series expansion for the Gaussian kernel sums (defined in
Equation (3.0.2)) using Equation (3.1.7) and Equation (3.1.8). The basic idea is to
express the kernel sum contribution of a reference node as a Taylor series of infinite
terms and truncate it after some number of terms, given that the truncation error
meets the desired absolute error tolerance.

The followings are two main types of Taylor series representations for an infinitely
differentiable kernel & (-). The key difference between two representations is the loca-
tion of the expansion center which is either in a reference region or a query region. The
expansion center for both expansion types is conveniently chosen to be the geometric
center of the region. These representations were briefly introduced in Section 2.3.1.
Far-field Expansion. This is derived from Equation (3.1.7) and expresses the kernel
sum contribution from the reference points in R**’ for an arbitrary query point. It
is expanded about cgr, a representative point of R**’. Equation (3.1.7) is an infinite

series, and thus we impose a truncation order p along each dimension. Substituting
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q; for t, rj for s and cg for s into Equation (3.1.7) yields:

. suby _||qi_r.n||2
O(q;; R*) = Z exp(TQJ

s sub
rj, €ERsv

3 ﬁ ai (rjn J%{ [d])a[d] . (qi[d] o [d])

Tjn cRsub d=1

-3 ﬁ( > L (el Qzlfub[d])“[d] EC

cRsub d=1 ald]<

; _ Ed]! (mn[d}“—%m w})““” - (qi ] = [d]) )

Truncating after p terms along each dimension yields:

(qi; R™) ~ (qs, {(R™, F(cpow,p))})

_ .Z (s a[ld]! (rjn[dJJ%sub [d])““” . (qi[d] e [d])

cRsub d=1 \ afd]<p

"R T () - ()

rj, ERsu0 a<p

. Z Z i (I‘Jn — CRsub ) * h (ql CRsub )
al! V2h2 * NGYY

asp |rj,€Rsw

=" ML (R cpon ) e (M)
2 Ma®eralha { =

a<p

where we denote

Mo(R™ c)= 3 $ (%)a (3.1.11)

rj, €R

which is a function of a reference node R*** and an expansion center ¢. We denote
Zﬁ(qg {R*** F(c,p)}) as the far-field expansion of order p for the kernel sum
contribution of R** expanded about c. Ideally, we would like to choose the
smallest p such that the truncation after the chosen order p incurs tolerable error; this
will be discussed in Section 3.1.5. Note that the far-field expansion for the Gaussian

kernel separates the interaction between a reference point and a query point (namely
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Figure 18: Given the query node Q*** containing the query points {q;_},—,' and

sub
the reference node R* containing the reference points {r;, |n:1 |, evaluating the
far-field expansion generated by the reference points at the given query point qj,,

up to four terms in each dimension, ®(q;; R*) ~ ®(q;,; {(R™, F(cgew,3))}) =

ol \ 7 Va2 Van?
a<3

I‘jnGRsub
element-wise product between the two-dimensional array of far-field coefficients with
the query-dependent two-dimensional array.

3 [ >S4 (M) ] he (M>, involves computing the sum of the
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Figure 19: The Gaussian kernel sum series expansion represented by the far-field

coefficients in R, S~ My (R*™, cgow ) ha <%), is valid regardless of the lo-
asp

cation of the given query point, given the size constraint on the reference node (see
Section 3.1.5). Each query point location will incur different amount of error.

exp (—||ai — rj,][?/(2h?))) into a summation of two product terms. For each multi-
index o, My (R**, cgsw), which depends only on the intrinsic information for the
reference node (the reference points rj, € R and the reference centroid cgews which
is constant with respect to R*%®), is called the far-field moments/coefficients of the
reference region R**. Because My (R*", cg.u) part of the far-field expansion of the
Gaussian kernel sums is the same regardless of the query point q; used for evaluation,
they can be computed only once and stored within R*** for efficiently approximating
the contribution of R** for different query points (see Figure 18). Precomputing
the far-field moments for a reference node R*** up to O(p”) terms (i.e. computing

>4 <%) for each v < p) requires O(|R***|pP) operations.

I‘anRS“b
The far-field expansion of order p for the Gaussian kernel sums is valid for any

query locations q; given that the reference node meets the certain size constraint (see
Section 3.1.5). However, for a fixed order p, evaluating on query points that are far

away from the reference centroid in general incur smaller amount of error.
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Local Expansion. : A local expansion (derived from Equation (3.1.8)) is a Taylor
expansion of the kernel sums about a representative point cqsw in a query region Q.
After substituting q; for t, cq.us for to and rj, for s, the kernel sum contribution of

R** to a query point q; € Q** is given by:

q 2
@ is sub == M
(qu R ) E exp ( 572

rj, cRsub

_ ¥ H(Z . (ch[d]QZ;j"[d]> (qi[d] ;%m[d])ﬂ>
(x>

:r ;}[1 . (cqub % rjn[d]) <qi[d] \;;—}gm [ d])[,
T; (—nld)!”d B, (Cqub [d]Q;ern[d]> (qi [d] \;20—}3}’ [d] )[3)

rj, €Rsub d=1 \ng<p
Again, truncating after p terms along each dimension yields:

®(as; {(R™, N(cqus, p))})

_ Z 10 (Z - (chb[dg;?rjn[d]) <qi[d] ;%ub[d])ﬂ>

cRswb d=1 \ng<p

— Z Z (Cqub — I'jn) (qi — Cqub)ﬁ
IB' B 2h2 v/2h2

rj, eRsub ﬁ<p

| U (fe | (2 cany’

ﬂﬁp Tin cRsub

=2 Na({(R™, (cqu,p))}) (q‘ Y Q) B

2
B<p 2h

where we denote:

S SPhs(SEe) B<p
Np({(R*, (cqus,p))}) = { mmER™ ( > (3.1.12)

0 , otherwise

{Ng({(R***, (cqsw,p))})} g are the direct local moments of R*" accumulated at cqeuw
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up to order p. The error bound criterion will be discussed in Section 3.1.5. Note that:

E) (qﬁ U {(Rav N(CQS“bvpa))}> = Z 5(Qi, {(Ra7 N(CQS”b7pa))})

_ (_1)ﬁ Cqsub — rjn) <ql——Cme>ﬁ
_Z Z Z 3! hﬂ ( 5h2 T

a B<pq |rj,€R?

a Qi — CqQsuv B
= > [ZNﬂ({(Rv(cqubapa))})] <W)

ﬂémgxpa a
SN (U{(m ( >>}) (““ ‘LQ””)ﬂ
- Jé] 5 Cqub y pa I —
B<maxpa a 2h?

In other words, the local moments for a fixed query node Q** are additive (see

Figure 21) across a set of disjoint portions of the reference dataset R since its basis

functions { <qi\_/;%sub )B} remain the same for all reference points regardless of their
locations. For a given refﬁerence node R** accumulating the local moments of R*%
up to pP terms (that is, evaluating for each B < p) requires O(|R*“|pP) operations.
These local coefficients are accumulated and stored within the given query node. The
induced local expansion is valid for all query points within the query node under

certain constraints.
3.1.4 Gaussian Sum Approximation Using Series Expansion

Now again assume we are given a query node Q*** and a reference node R***. Here
we describe three main methods that use the two expansion types for approximating
Gaussian summation, i(q; Rs“), for each q € Q**.

Evaluating a far-field expansion of R**’: Given the pre-computed far-field mo-
ments Mg (R, cgew) up to O(p”) terms, one could evaluate the far-field expansion
for a given query point q (that is, approximate <A13(q, R*"")) by forming a dot-product
between the query-dependent vector and the far-field moments, as shown in Figure 18
and Figure 19. Approximating ®(q; R*?) for all q € Q™ requires O(|Q***|pP) op-

erations.
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Figure 20: Given the query node Q*** containing the query points {q;_},—,' and

the reference node R** containing the reference points {rjn}lgfb', evaluating the
local expansion generated by the reference points at the given query point qj,, up
to third terms in each dimension, ®(q,;R*™") ~ ®(qi,; {(R*’ N(cqmw,2))}) =

“ry I B
Z (—1)P Cqsub Tin Qim —Cqsub . . ] )
) [r ZeRm el e ( V2nz ) <—\/W ) , involves taking the dot-product be
<2 [tjn

tween the two-dimensional array of local coefficients with the query-dependent two-
dimensional array.
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Figure 21: Accumulating direct local moments from three reference nodes
R!, R? and R? contributing nine terms, four terms, and one term re-
spectively to form the local moments containing the contribution from R!,
R?, and R* N{(R! (cqwm,2)),(R? (cqum,1)),(R? (cqu,0))}).  Zeros de-
note the positions that are not explicitly computed using Equation (3.1.12).
N<{<R17(CQS“”>2))7(R27(CQS“”71>>>(R37<CQ5“b70>>}) = N({(R17<CQS“bJ2>>}) +

N{(R? (cqw,1))}) + N({(R?, (cqsw,0))}) is added to the local moments for Q**’.
Computing and evaluating a local expansion inside Q*** due to the contri-
bution of R**: one could iterate over each reference point rj, € R** and compute
the local moments Ng({(R**, (cqw,p))}) due to R*** up to O(p”) terms (see Fig-
ure 20 and Figure 21). The local accumulation of the contribution of the reference
node R requires O(|R*“*|pP) operations, and evaluating the local ezpansion for each
¢,, € Q* requires a total of O(|Q*“*|pP) operations.

Converting far-field moments of R** to a local expansion of Q**’: Suppose
R*“> has pre-computed far-field moments up to p” terms. From the far-field moments,
we can approximate the local moments of R but with some amount of error. This
can be seen as a generalization of centroid-based approximation. [84] describes this

method as one of the translation operators, called far-field to local translation operator:
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Figure 22: Two-dimensional far-field coefficients truncated after the first two terms in
each dimension can be converted into a set of local moments using Equation (3.1.13).
Computing Ng({(M (R, cgen), (cqsw,1))}) involves summing up the element-wise
product between the matrix (or tensor in higher dimensions) consisting of the far-
field moments and the two-by-two window over the Hermite functions whose upper
left multi-index is 8. This figure shows how to compute N 1)({(M(R™, crou),

(cquns 1))}).

Lemma 3.1.2. Far-field to local (F2L) translation operator for Gaussian
kernel (Lemma 2.2 in [84]): Given a reference node R*™, a query node Q*“*, and

the truncated far-field expansion centered at cgsw of R* up to O(p?) terms:

B (i (R, Flepan, D)) = 5 Ma(R™, e (250,

as<p
the Taylor expansion of the far-field expansion at cq«w in Q is gwen by:

(e LR Flenen 7)}) = 3 Na(((M (R, e (cquu. ) (2258) wher

~ (_1)|B| b Cqub - CRsub
N ({(M(RSUb,C sub), (C sub,p))}) - Ma(Rsu ,C sub)ha ()
8 o) (€Q 3! azgp Rt Retb \ 7 Va2
(3.1.13)
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Proof. Replacing the Hermite function portion of the expansion with its Taylor series:

& SUu su CIim — CRsub
(i {(R*, Fegaw,p)}) = ) Ma(R*™, cgon)ha <R>

a<p Y 2h?
_1)|ﬁ| (Cqub - CRsub > (qi - Cqub )ﬂ
- M RSUb’ CR su (7ha m
azgp lo' ( Rsub ) g} Je] +8 \/m /72h2
(_1)|:@| b <Cqu,b — CRresub > <qim - Cqub ) B
2| A MR eme s Vo

[]

However, note ®(qs,.; { (R, F(cgew,p))}) has an infinite number of terms, and
must be truncated after O(p”) terms. In other words, the local moments accumulated
for Q" are the coefficients for ®(qz,.; { (R, N(cqsuw,p))}) =
BZQ Na({(M (R, cgom), (cqsw,p))}) (%)ﬂ (see Figure 22). Computing
{?\?B({(M (R, cgew ), (cqew, p))}) }a<p requires iterating over all of O(p?) far-field
moments {Mq (R, Crsu ) }a<p for each Lg({(R, T(cqsw, p))}). This operation is O(Dp?P).

These approximations are generally valid under certain conditions which depend
on how the error bounds associated with these approximation methods are derived.
Moreover, we have not discussed how to choose the method of approximation given

a query and reference node pair and the order of approximation, i.e. the number of

terms required to achieve a given level of error. We discuss the details in Section 3.1.5.
3.1.5 Truncation Error Bounds

Because the far-field and the local expansions are truncated after taking O(p®) terms,
we incur an error in approximation. The original error bounds for the Gaussian kernel
in [84] were wrong and corrections were shown in [11]. Here we present the error
bounds for 1) evaluating a truncated far-field expansion of a reference node for any
query point q € RP; 2) evaluating a truncated local expansion of Q*“* due to the
contribution of a reference node R** for any query point q;_, € Q***; 3) evaluating a

truncated local expansion formed from converting a truncated far-field expansion of
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a reference node R*% for any query point q; € Q**’. Note that these error bounds
place restrictions on the size of the nodes in consideration: reference node, query
node, or both. First we start with the truncation error bound for evaluating the

far-field expansion formed for a given reference node.

Lemma 3.1.3. Error bound for evaluating a truncated far-field expan-

sion [11]: Suppose we are given a far-field expansion of R** about its centroid cgeuw -

B(q; {(R*™, Flegon, p)}) = 3 Ma(R™, cpon ) ha (“‘*CRM) where

o 3 V2h2
Mo (R™ cgpen) = Y. & (%) . If Vr;, € R satisfies ||rj, — crow||oo <

I‘jneRsub
rh for r < 1, then for any q € RP,

B(q {(R™ ey < BMLRS (DY it VT
Bl (R, e D)) — #(@ R < 755 3 (7 )=y (w)

(3.1.14)

Proof. We expand the far-field expansion as a product of one-dimensional Hermite

functions and utilize a bound on one-dimensional Hermite functions due to [184]:

%Ihn(l‘)l<32—exp< ) n> 0,z R
Idl.c _ N~ L (mald] — crew[d\™ qld] — cgew[d]
Upqy (q[d]’ rJn[d]’ Rsub [d]) - T;O n;! < \/W > hm’ ( \/W >
Tdl e o L (r[d] = crew[d]\™ qld] — cgew[d]
ty,(ald) 13, e [d]) = _Z+ ; ( ool ) (el

exp <M> H upd r.]n ] CRsub [dD + Up, (q[d]7 Tjn [d]7 CRrosub [d]))
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We obtain for 1 < d < D:

p n;
1 I; — CRsub [d] ‘ ¢ <q[d] - CRsub [d]) ‘
Pd(q[ ] .]n[ R l’ 7;)”2' m i \/W
4 n; o4 2 P +1
Th 272 (q d] — CRsub [d]) T 1—17rP
R — < <l
onz| vy eXp( 4h2 = ZOT R
s 1 Ir; [d] — CRsub [d] i <q[d] — CRsub [d]) ‘
v d),r; |d], crsw|d]) < — | hp, | ———————
pd(q[ ] Jn[ } R b[ ]) nizp+1 n@' \/W \/W
i rho | 27 exp (_ (qld] — cgew [d])2> ! pptl
i 1 V2R2] Vi An? BRVACE R [ (p+ 1)! 1-r
Therefore,
D
d . [d d — _| |q —Tj, | ‘2
[ [ vna(ald),xs, [d], egend]) — exp { —=5 5"
d=1
D-1 D—k
D p+1
<1-n"Y ( )(1 VS Y
— \k (p+1)!
.12
Ma Rsub ” ha q-— CRsub _ _‘ |q - r.]n H
; ( ) CR, b) ( \/W Z €xp 2h2
asp T, ER

Su D-1 D—k
< |RUY| <D>(1—rp“)’“ rpt1
(1P = \k (p+1)
]

Intuitively, this theorem implies that evaluating a truncated far-field expansion
for a query point (regardless of its location) requires that the reference points used to
form the expansion are within the bandwidth A in each dimension from the centroid
crsw (i.e. the reference node has a maximum side length of 2h).

The following gives the truncation bound for the local expansion formed inside a

query node whose bound is within a hypercube of some side length.

Lemma 3.1.4. Error bound for evaluating a truncated local expansion:
Suppose we are given the local expansion about cqsw of the given query node Qv

accounting for the kernel sum contribution of R : ®(q;, ; {(R™, N(cqsuw,p))}) =
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5 Na({(R (cque p)}) (228 )" where s, € Q™ and Na({(R™, (cqus,p))}) =

B<p
‘B‘ sub ~Tjn
Z = 11 hﬂ( Q1/7 )
I‘anRS“b /8
IfVas,, € Q* satisfies ||qs,, — cqow

|<>O < rh forr <1, then for any di, € qub:

Bt (R Nequn D)) — 0l < (LS (P (22)7
k=0

(3.1.15)

Proof. Taylor expansion of the Hermite function yields:

|G — Tl
(12
_Z (_].)‘ﬁ‘ Z i <rjn —CRsub>ah ((:qub _CRsub> <qim _Cqub)ﬂ
o B ol Ve P Vane V2h?
o Z ‘ﬁ‘ Z 1 <CRsub - rjn>a ( 1)|a‘h <Cqub - CRS’ILb) <q1m - Cqub )ﬁ
= Zal\ Vo I Va2 NeTR

. Z ‘ﬁ‘ <CQSU,b - rjn) <q1m - Cqub >6
= V20?2 V2h?

D
Use eXp (M) dnl (up(qlm [ ] rjn [d], Cqub [d]) + Up(qim [d], rjn [d], Cqub [d] ))
for 1 <d < D, where

Upg (Ui [d], 15, [d], cqeur [d]) = zp: =V, (Cqub [d] —rjn[d]) (qmi [d] —cqm [d])”d

ng=0 nd! \/W \/W
. r: c _ o (—1)na CQsub [d] — rj, [d] Qm, [d] — Qb [d]\ "
Upa(Qim [d]: 13, [d], C Qe [d]) = mgﬂ ng! hing < V2h? ) < V2h? )

These univariate functions respectively satisfy u,, (di,, [d], rj,[d], cqsw [d]) < % and

Upy (Qinn [d], 15, [d], e e [d]) < —= T for 1 < d < D, achieving the multivariate

bound. The proof is similar as in the one given in Lemma 3.1.3. ]

Lastly, we present the error bound for evaluating a truncated local expansion
formed from a truncated far-field expansion, which requires that both the query node

and the reference node are “small”:
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Lemma 3.1.5. Error bound for evaluating a truncated local expansion con-
verted from an already truncated far-field expansion: A truncated far-field

expansion centered about the centroid cgsw of R¥,

5(% {(R*,F(cpow,p))}) = Z Mo (R crou ) hey (q_T\/CTR;M])

a<p
has the following local expansion about cqsw of Q™ for qs,, € Q**:

Bt {(R, Flege p)}) = 3 Nﬁ<{<M<wa, ), (cque DY) (2258 ) where:

B=>0
No({(MR, can). (eque.p)}) = S5 = Ma(R™, cron)hass (%) Let
a<p

B (MR, egan). Niegusp)}) = 5 Na({(M (R, egos). (cque, p)}) (228",

B<p
a truncation of the local expansion of ®(qs; {(R*, F(cgsw,p))}) after O(pP) terms.

If Vaq;,, € Q** satisfies ||qs,, — CQsut

IBI

o < Th an ry € satisfies ||\r;. —
h and Vr;, € R satisfies ||r;,

Crsw |00 < Th forr < %, then for any qi,, € Q%“:

(i { (MR, 0o ), N(equo, 1) }) — @t )|

f;u:'w () >p>2>’f(“2””)%(2”’”’)D_k (3116

Proof. We define for 1 < d < D:

Uy, = 1yt ) 75, ] [d], e[
U = (i), 13, [d], € [d], erpould])

Wpg = Wp( Qi [d], 75, [d], €quo[d], Cro [d])
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Note that exp (%) =TT (up, + vp, + wp,) for 1 < d < D. Using the bound
d=1

for Hermite functions and the property of geometric series, we obtain:

p p (27 p+1 2
€ 3 3 2 = (HQH)

n;=0n;=0
1 1 1 — (2r)PHLY [ (2r)Pt!
Up, < g E (2r)™(2r)" = <
N CESP: — S (p+DI\ =2 L2

Wgﬂz_ e = (p1+1>! (1—12r> <(127;)p2+7“1>

Therefore,
— || — T |
exp ( 72

o Z ( -y <<<2r>p+l><2 - <2r>p+l>>D"“

(p+1)!

\q’@ims (MR eqen). Niequ.p)}) ~ Blas,: R™)|

- ir |2D ( ) — (2r)Prh)) <(<2’”>”+ )2 — (2r)* >>

(p+ 1)!

]

[183] proposes an interesting idea of using Stirling’s formula (for any non-negative
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Algorithm 3.1.1 FARFIELDORDER(Q®*, R***| 7): Determines the order of approx-
imation needed for evaluating a far-field expansion of the reference node R*%.

r < the widest length of the bounding box of R*** divided by 2h.
if r > 1 then
return oo
else
p<+ 0
while p < p,.. do
e Rmew| R p 1\k N7
if kzo(k)(l—rp*) ( L ) < 7 then

(1=r)P

return p
p—p+1
return oo

integer n, (”Tfl)n < n!) to lift the node size constraint. This could allow approxi-
mation of larger regions that possibly contain more points. Unfortunately, the error
bounds derived in [183] were also incorrect. We have derived the necessary corrected
error bounds based on the techniques in [11]. However, we do not include the deriva-

tions here since using these bounds actually degraded performance in our algorithm.

3.1.6 Determining the Approximation Order

Note that Lemma 3.1.3, Lemma 3.1.4, and Lemma 3.1.5 upper-bound the approxima-
tion error EIVD(q; R — ®(q, R**)| given that we use O(p”) terms in the appropriate
expansion type. Nevertheless, all three lemmas can be re-phrased to answer the ques-
tion in reverse: given the maximum user-desired absolute error, what is the order of
approximation required to achieve it? This question rises naturally within our dual-
tree based algorithm that bounds the kernel sum approximation error on each part
in a partition of the reference dataset R.

Algorithm 3.1.1 shows how to determine the necessary order of the far-field expan-
sion for the given reference node R*** such that |®(q; R**?) — ®(q, R***)| < 7. That

is, the approximation error due to the far-field expansion of R**® is bounded by the

error allocated for approximating the contribution of R***. Using far-field expansion
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Algorithm 3.1.2 LOCALACCUMULATIONORDER(Q®*’, R*®, 7): Determining the
order of approximation needed for forming a local expansion of the contribution from
the given reference node R** for the query node Q**.
r < the widest length of the bounding box of Q*** divided by 2h.
if » > 1 then
return oo
else
p<+0
while p < p,0. do

. ‘Rsub| D-1 D vk TP+1 D—k
if 7o > ()@ —rrth ' < 7 then
k=0 !
return p
psp+1
return oo

based approximation requires a “small” reference node. The algorithm computes the
ratio of the maximum side length of R** to twice the bandwidth h and determines
the least order required for achieving the maximum absolute error 7 by evaluating
the right-hand side of Equation (3.1.14) iteratively on different values of p.
Algorithm 3.1.2 shows how to determine the necessary order of the local expansion
formed by directly accumulating the contribution of the given reference node R*%
onto the given query node Q***. This approximation method requires the query node
Q** to have the maximum side length within twice the bandwidth. The algorithm
determines the least order required by using the right-hand side of Equation (3.1.15).
Finally, Algorithm 3.1.3 determines the necessary order of local expansion formed
by converting a truncated far-field expansion of the given reference node R*“’. In
contrast to the two previous algorithms, this one requires both the query node Q®*
and the reference node R** to have a maximum side length less than the bandwidth
h. After the node size requirements are satisfied, the least order required for achieving

T absolute error is obtained by using the right-hand side of Equation (3.1.16).
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Algorithm 3.1.3 CONVERTFARFIELDTOLOCALORDER(Q®*’ R** 7): Determin-
ing the order of approximation needed for evaluating a far-field expansion of the
given reference node R*“.

r1 + the widest length of the bounding box of Q*** divided by 4h.
r9 < the widest length of the bounding box of R** divided by 4h.
r < max{ry, o}
if r > % then

return oo
else

p+0

while p < p,0. do

D-1 D—k
: |R*’| D _ +1\2\k [ (@r)Prh(—(2r)PtY)
if (=220 2o (k)((l (2r)P*h)?) ( (] ) < 7 then

return p
p+—p+1
return oo

3.1.7 Deriving the Hierarchical FGT

Until now, we have discussed the approximation methods developed for a non-hierarchical
version of fast Gauss transform described in [84]. In this section, we derive the two
additional translation operators that extend the original fast Gauss transform to use
a hierarchical data structure. Here we consider the reference tree, which enables the
consideration of the different portions of the reference set R at a different granular-
ity. Given the computed far-field moments of R*“>" and R*“>f  each centered at
Crsu,z and Cgsw.r, how can we efficiently compute the far-field moments of R**® cen-
tered at cgsw, the parent of R*“F and R**»*? The first operator allows the efficient

bottom-up pre-computation of the Hermite moments in the reference tree.

Lemma 3.1.6. Shifting a far-field expansion of a reference node to a new
center (F2F translation operator for the Gaussian kernel): Given the far-field

expansion centered at Cgsw in R5:

T S s q — Crsub
B(a (R, Flegonp)}) = 3 Ma(R™, cpon ) (T;j)

a<p
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This same far-field expansion shifted to a new location ¢’ is given by:

5((;1; {(Rs“b7 F(CRsub,p))}) = (I)( {(Rsub F ZM Rsub / (\/%)

~>0
where
M (Rsub /) Z 1 M (Rsub ) <CRsub - C,)'Y—a (3 1 17)
,C) = — M, ,Crsw ) | ———— 1.
’ olazy (Y~ ) 2h?
Proof. Replace the Hermite part of the expansion by a new Taylor series:
B(q; {(R*™, F(egen,p)}) = > Ma(R*™, cgon)h <q_cf“)
(a; {( (crsw,p))}) a%; o Rou )N NoTH
ZM Rsub c )Z 1 <C/_CRsub>B( 1)‘5‘]1 (q_C/>
- bub - — -
= w B\ Ve B\ Vanz
/
— Y Ma (R, o) & (C—CRb> 1)Blhg s g < >
a<pB>0 B' 2h?
S Mo (R ) <cRm—c>ﬂ ( )
= Rosub ————— | hayp
a<pB>0 B' 2h?
ERPNANE e o
== 7 E— Rsub,c sub <(Wc> h (q ¢ )
where v = a + 3. m

Using Lemma 3.1.6, we can compute the far-field moments of R**® centered at cgeu
by translating the moments { M, (R*“*L cgon.r)}y<p and { My (R¥ P cgonr)}y<p to
form the moments { M, (R*“"* cpow)}y<p and { My (R cgon)}ycp. The far-field
moments of R = R0l U R are { M, (R™>L, cgow) + My (R0 cgan)} and

o (q; crenP))}) = L egen R . (A Cm
®(q; {(R, F(egaw,p)}) %M’”R cro) + My (R%, e )>h7< o )

Computing each M, (R*“>L cgan) from M, (R*“>L cgon.r) (and each M, (R**E cgoun)
from M, (R*“>® cr.u,r)) requires iterating over at most O(p”) terms. This operation
runs in O(Dp?P), which can be more efficient than computing the far-field moments
of R*" centered at cgsw from scratch (which is O(|R**|DpP)).

The next translation operator acts as a “clean-up” routine in a hierarchical al-

gorithm. Since we can approximate at different scales in the query tree, we must
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Figure 23: Given the far-field moments of R***"* and R*“>¥ illustrated in the first two
tables, Theorem 3.1.6 can re-center each set of far-field moments of R**>* and R*"%
at centroid cgsw. The re-centered far-field moments are shown in the third table with
two numbers, each contributed by R**** and R***%. The far-field moments of R**
are then computed by adding up the two re-centered moments entry-wise.

somehow combine all the approximations at the end of the computation. By per-

forming a breadth-first traversal of the query tree, the L2L operator shifts a node’s

local expansion to the centroid of each child.

Lemma 3.1.7. Shifting a combined local expansion of a query node to a
new center (L2L translation operator for Gaussian kernel): Given a combined

local expansion centered at cq«w of the given query node Qb

B
EIS . RDL sub RF2L subyy ]A\f b RDL sub RFZL sub <q B Cqub )
(@ RH(Q™) U Q™)) gﬁp g(cgeu, R7H(Q™) U Q™)) T

Shifting this local expansion to the new center ¢’ € Q™ yields:

&)(q; RDL(qub) U RF2L<qub))

/ B—a I\ &
_ , RPL(Qsub FoL [ sub C — CQsub q—c
~3 | X iy alea QM URT @) (S8 ) ()

a<lp ﬁ>a
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Figure 24: Given the local moments centered at cq«ws, Theorem 3.1.7 can re-center
them at the two centroids cqw.. and cqeus.r.

where we denote
]\7,3(0/7 RDL(qub) U RFZL(qub))
/ B—a
B! > DL [ (~ysub FoL [ (ysub (C - CQS“")
=Y ——=—Ng(cqu,R UR i ik 3.1.18

Proof. Use the multinomial theorem to expand about the new center ¢
E,(q; RDL(qub) U RF2L(qub))

— N\ B
= Z Nﬁ(Cqub, RDL(qub) U RF2L(Q5“5)) (m)

VoR2
B<p 2h
_ ! ¢ —cqu\? T (q—c\*
_ Na(Cren ,RDL sub U RF2L sub I6 ( Q ) ( )
;; ; pleqr, AT @ ))a!(ﬁ —a)! \ V2h2 V2h?
<pa<p
whose summation order can be interchanged to achieve the result. m
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Using Lemma 3.1.7, we can shift the local moments of Q*** centered at cqsw to
a different expansion center, such as an expansion center of one of the child nodes
of Q***. Let p be the maximum approximation order used among the reference
nodes pruned via far-to-local translation (R™(Q®*?)) and direct local accumulation
(RPY(Q**")). The local moment propagation to both child nodes of Q** is achieved

by the following operations:

{Nﬁ(Cqub,L, RPH QM) URPH Q™)) } <y
—{Ng(cqon.e, RPH Q™) URPH Q™)) } s<), + {Ng(cqeunr, RPH(Q™) URPH(Q™))} 5o,
{Nﬁ(Cqub,R, RDL(QSUb’R) U RF2L(qub’R))}B§p

—{Ng(cqour, RPH(Q*F) URFH Q™)) } g, + {Ng(cqonn, RPH(Q™) URTH(Q™))} g<)

where the addition operation is an element-wise operation over multi-index positions.
3.1.8 Choosing the Best Approximation Method

Suppose we are given a query node Q®“* and a reference node R*“’ pair during the
invocation of Algorithm 3.1.10. CANSUMMARIZE function for the higher-order DFGT
algorithm has four approximation methods available: A € {D, N(c, p),F(c,p),N(c,p)}
(see Section 3.1.2). Because we would like to avoid exhaustive computations, the
higher-order DFGT algorithm uses only three of the approximation methods and
defers exhaustive computations until query/reference leaf pairs are encountered. Al-
gorithm 3.1.4 tests whether the given query node and reference node pair can be
approximated by evaluating the far-field moments of R*“’, computing direct local
accumulation due to R**, and translating some of the terms that constitute the
far-field moments of R* (far-field-to-local translation operator) and evaluates the
asymptotic cost of each approximation. Algorithm 3.1.4 then determines the approx-
imation method with the lowest asymptotic cost. This idea was originally introduced

in [84] in the description of the original fast Gauss transform algorithm. The key
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Algorithm 3.1.4 CHOOSEBESTMETHOD(Q***, R*“*, 7): Chooses the FMM-type ap-
proximation with the least cost for a query and reference node pair.

pr <+ FARFIELDORDER(Q**, R**’ 7)
pp + LOCALACCUMULATIONORDER(Q*** R*% 7)
pr < CONVERTFARFIELDTOLOCALORDER(Q®**, R*" 1)
Cp |qub’DpF+17 cp |:l131»17|1)17D-i-17 o — DQPT-'(‘]’ Cp D’qubHRsub‘
if ¢y = min{cg, cp,cr,cp} then
return F(cgrsw,pr)
else if ¢p = min{cp, cp, cr,cg} then
return N(cquw,pp)
else if ¢ = min{cp, cp, cr,cp} then

return N(cqaw,pr)
else
return D

difference is that even if Algorithm 3.1.4 returns D (when none of the other ap-
proximation methods can beat the cost of the exhaustive method), our hierarchical
algorithm will not default to exhaustive evaluations and will consider the query points

and reference points at a finer granularity, as shown in Algorithm 3.1.10.

R»‘“b anh Rsub qub

Figure 25: Four ways of approximating the contribution of a reference node to a
query node. Top left: exhaustive computations (few reference/few query points);
Top right: far-field moment evaluating (many reference/few query points); Bottom
left: direct local moment accumulation (few reference/many query points); Bottom
right: far-field-to-local translation (many reference/many query points).

3.1.9 Hierarchical FGT

Given the analytical machinery developed in the previous section, we now describe

how to extend the centroid-based dual-tree [80, 82] to do higher-order approximations.

o8



Algorithm 3.1.5 DFGTMAIN(Q, R): The main KDE routine.

BUILDKDTREE(Q), BuiLDKDTREE(R)
DFGTINITQ(Q), DFGTINITR(R), DFGT(Q, R), DEFGTP0ST(Q)

The main structure of the algorithm is shown in Algorithm 3.1.5. We provide only a
high-level overview of our algorithm and defer implementation details to Appendix.

Initialization of the query tree. FEach query node maintains a vector storing
(Prmaz + 1)D terms, where py,q. is a pre-determined limit on the approximation order?
depending on the dimensionality of the query set Q and the reference set R. For the
experimental results, we have fixed pyo. = 5 for D = 2, ppaz = 3 for D = 3, praz = 1

for D=4 and D =5, pye = 0 for D > 6.

Algorithm 3.1.6 DFGTINITQ(Q**): Initializes query bound summary statistics.

{Initialize the node bound summary statistics. }
Q™ x R) + 0, d4Q™ xR)+«+ [R|, AYQ*)+ 0, AY(Q**®)+ 0
{Initialize translated local moments to be a vector of length (ppa. + 1)7.}

Nocictpnu+1y? Q) < 0
if Q*“ is a leaf node then
{Initialize for each query point.}
for each q; € Q** do
®(ai,;R) <0,  2(ai.;R) + [R|

®(qi.; R) < 0, (i, R¥(i, ) < 0
®(qipn; R (aiy)) < 0, P (qi,,; R (di,) U R (q,,)) = 0
else

DFGTINITQ(Q*“-L), DFGTINITQ(Q**1)

Pre-computation of far-field moments. Before the main KDE computation can
begin, we pre-compute the far-field moments of each reference node in the reference
tree up to (Pmas + 1)D terms. We show how to efficiently pre-compute the far-field
moments of each reference node in the reference tree in Algorithm 3.1.7. The algo-

rithm uses Equation (3.1.11) for the leaf node and Equation (3.1.17) for translating

2We impose this limit because the number of terms scales exponentially with the dimensionality
D, O(p").
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Algorithm 3.1.7 DFGTINITR(R“): Pre-computes far-field moments.

{Initialize the far-field moments of R*“* to be empty.}

for i =0 to i < (ppae + 1) do
MPOSITIONTOMULTIINDEX(i,pmaI)(RSUb> crow) = 0

if R is a leaf node then
{Accumulate far-field moment from each point (Equation (3.1.11)).}
ACCUMULATEFARFIELDMOMENT(R%)

else
{Recursively compute the moments of the child nodes and combine them.}
DFEGTINITR(RS“E), DEGTINITR(RS“)
TRANSFARTOFAR(R*E R), TRANSFARTOFAR(R*“E Rsub)

the moments of the child nodes for the internal node case.

Determining the prunability of the given query and reference pair (shown

in Algorithm 3.1.9). The function SUMMARIZE includes calls to the followings:

1. EVALFARFIELDEXPANSION: evaluates the far-field moments stored in R5% at

each query point in Q*** up to (pr + 1)” terms. See Algorithm A.0.8.

2. ACCUMULATEDIRECTLOCALMOMENT: computes direct local moment contri-

bution of R centered at cqsw in Q***. See Algorithm A.0.10.

3. TRANSFARTOLOCAL: translates the far-field moments of R*“* up to (pr +1)”

terms to the local moment centered cqsw in Q. See Algorithm A.0.9.

Algorithm 3.1.8 CANSUMMARIZE(Q®*"’, R*", ¢): Determines the prunability of the
given query node Q*** and reference node R**

sub|FHl,new sub
return CHOOSEBESTMETHOD (Qs“b,Rs“b,dR [© IRI(Q XR)> #D

Dual-tree Recursion. Algorithm 3.1.10 shows the basic structure of the dual-tree
based KDE computation. This procedure is first called with Q and R as the root

nodes of the query and the reference tree respectively. CANSUMMARIZE takes three
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Algorithm 3.1.9 SUMMARIZE(Q***, R**?): Summarizes the contribution of R*“.

{Add bound changes.}
Al(qub) — Al(qub) +5l(qub,Rsub)’ Au(qub) — Au(qub) +5u(qub’Rsub)
if A is of the form F(crsw,pr) then
EVALFARFIELDEXPANSION(R%, Q%" py)
else if A is of the form N(cq«s,pp) then
AcCUMULATEDIRECTLOCALMOMENT(R %, Q% pp)
else
TRANSFARTOLOCAL(R**, Q**® pr)

parameters: the current query node Q®“*, the current reference node R***, and the
global relative error tolerance €. This function tests whether the the contribution of
the given reference node for each query point in the given query node can be ap-
proximated within the error tolerance. If the approximation is not possible, then the
algorithm continues to consider the query and the reference data at a finer granular-
ity. The basic idea is to terminate the recursion as soon as possible by considering
large “chunks” of the query data and the reference data and avoiding the number of
exhaustive leaf-leaf computations. We can achieve this if we utilize approximation
schemes that yield high accuracy and have cheap computational costs.

Each prune made for a pair of a query and a reference node is summarized
in the given query node by incorporating the lower and the upper bound changes
SH(Qt, R**) and §*(Q***, R***) contributed by the reference node into A'(Q®)
and A*(Q**). These two bound updates due to a prune can be regarded as a new
piece of information which is known only locally to the given query node Q***. All
of the bounds in the entire subtree of Q*** should reflect this information. One way
to achieve this effect is to pass the lower bound and the upper bound changes owned
by Q% (i.e., A(Q®) and A“(Q**?)) to Q***’s immediate children, whenever the
algorithm needs to consider the query dataset at a finer granularity by recursing to

the left and the right child of Q***. See Figure 16.
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Algorithm 3.1.10 DFGT(Q** R***): The core dual-tree routine for computing
KDE.
6Z<qub7 Rsub) — |Rsub ’k(du((}sub7 Rsub))
5u(qub’ Rsub) — ‘Rsub|<k<dl(qub’ Rsub)) _ 1)
{Add postponed contributions/bound changes from the current pair.}
(I)l,new(qub % R) — (Dl,new(qub % R) + Al(qub) + (SZ(QSUb,RSUb)
(I)u,new(qub % R) — (I)u,new(qub % R) + Au(qub) + 5u(qub’Rsub)
if CANSUMMARIZE(Q***, R**® ¢) then
SUMMARIZE(Q** R*%)
else
if Q*“ is a leaf node then
if R** is a leaf node then
DFGTBASE(Q®, R*")
else
DFGT(QSUI), RSUb’L),DFGT(QSUb, Rsub,R)

else

{Push down postponed bound changes owned by Q*“* to the children.}
Al(qub,L) — Al(qub,L) —|—Al(QSUb), Al(qub,R) — Al(qub,R) +Al<qub)
Au(qub,L) — Au(qub,L) _i_Au(qub)’ Au(qub,R) — Au(qub,R) +Au(qub)
Al(qub) — 0’ Au(qub) —0
if R*“ is a leaf node then

DFGT(QSUb’L, Rs“b), DFGT(QS“I)’R, Rsub)
else

DFGT(QSUI)’L, Rsub,L)) DFGT(QSUb’L, Rsub,R)

DFGT(QSUb’R, RSUb’L), DFGT(Q‘W’)’R, Rsub,R)
{Refine the bounds based on the recursion results.}
(I)I(qub X R) — min{q)l(qub,L X R)+Al(QSUb’L), (I)l(qub,R X R) +Al(qub,R>}
(I)u(qub % R) — max{q)u(qub,L % R) + Au(qub,L)’ (Du(qub,R % R) +
Au(qub,R)}

Base-case Computation. If a given leaf query and leaf reference node pair could
not be pruned, then DFGTBASE (shown in Algorithm 3.1.11) is called. Because all
kernel evaluations are computed exactly, we can refine the bound summary statistics
of the given query node @ (that is, ®(Q*’ x R) and ®*(Q*** x R)) further and
hence we reset them to oo and —oo respectively. For each query point q;, € Q*%,
we first incorporate the postponed bound changes passed down from the ancestor
node of Q**. We loop over each reference point rj, € R*" and compute the kernel

value between q;,, and rj, and accumulate the lower bound ®'(q;,,; R), the kernel

62



Algorithm 3.1.11 DFGTBASE(Q***, R*“"): Computes exact contribution of R
to qub‘
PH(Q* x R) + o0, P4 (Q* x R) + —o0
for each q;, € Q*** do
{Add postponed changes passed down from the ancestor node of @.}
(i R) @' (ai, R) + A(Q™),  2%(qi,; R) = ©(qi, R) + AY(Q™)
for each r;, € R* do
U k(G = Tall), . (@i R) < @(ai, R) +v
P (ipn; R (i) (s RE(qi)) + 0
®"(qi,,; R) < (@i R) + (v — 1)
{Refine the bound summary statistics owned by Q***.}
Q" x R) « min{®'(Q**" x R), ®(q;,,; R)}
P*(Q*™ x R) + max{®"(Q* x R), d*(q;,,;R)}
Al(qub) — 07 Au(qub) —0

sum computed exhaustively CT)(qim; RE(qi,,)), and the upper bound ®*(q;,; R)

We subtract one for updating ®*(q;,,; R) for correcting the prior assumption that
k(|| — 13.]]) = 1, while the lower bound ®'(q;,,; R) and ®(q;.: RE(qi,)) are incre-
mented by k(||qi,, —Tj.||). As the contribution of the reference node R*’ is added onto
the query point q;_’s sum, we can refine the bound summary statistics owned by Q**

such that ®'(Q**xR) = min ®!(q;,,;R) and d*(Q**xR) = max &*(q;,,;R).

qimerub qimerub
Finally, we reset the postponed bound changes stored in Q*** to zero.

Post-processing (shown in Algorithm 3.1.12). For the non-leaf case, the local-to-
local translation operator (TRANSLOCALTOLOCAL) is called to re-center the local
moments at the current level and passes them down to the child nodes. For the leaf-
case, EVALLOCALEXPANSION is called to convert local moments to a single scalar

that represents the contribution to a given query point.
3.1.10 Basic Properties of DFGT Algorithms

Theorem 3.1.8. Lower/upper bounds are maintained properly at all times for each

q € Q*** and each query node Q*** during the function call DFGTMAIN.

63



Algorithm 3.1.12 DFGTPosT(Q*): The post-processing routine.

if Q** is a leaf node then
PL(Q* x R) + oo, P(Q* x R) < —c0
for each q;, € Q*** do
{Add bound changes for the query node at the given query point q;,,.}
dl(qi,,; R) + D(qi,; R) + AHQ™),  d%(qi,;R) + ®(qi,;R) + A*(Q°)
{Refine summary statistics for lower and upper bounds.}
P Q™ x R) + min{®'(Q*** x R), ! (q;,;R)}
P(Q* x R) < min{d*(Q*** x R), ®“(q;,.; R)}
{Compute the contributions from the accumulated local moments.}
®(q,,; R (q,, ) + EVALLOCALEXPANSION(Q®™)
{Sum the contribution from the local moments (direct or translated), the far-
field evaluations, and exhaustive evaluations.}
(i R)  (qipn RPH(ai,) U R (a ) + (Gl ; RO (di)) + (alin; RE)
Al(qub) — 0’ Au(qub) — 0’ N(qub) — 0
else
TrANSLoCALTOLOCAL(Q**, Q**»'L)  TRANSLOCALTOLOCAL(Q®, Q%)
Al(qub,L) — Al(qub,L) _|_Al<(gsub)7 Al(quhR) — Al(qulnR) +Al(qub)
éu(qub,L) — Au(qub,L) +Au(qub), Au(qub,R) — Au(qub,R) —I—AU(QSUb)
N(qub) — 0, Al(qub) — O, Au(qub) — 0
DFGTPosT(QY), DFGTPosT(QF)
{Refine the bounds based on the results of the recursion.}
(I)I(qub % R) — min{q)l(qub,L % ]_:{)7 @l(qub,R % R)}
@u(qub % R) — max{@u(qub,L % ]_:{)7 (I)u(qub,R % R)}

Proof. We show that the bounds are maintained properly for three main parts in the
function DFGTMAIN: DFGTINITQ, DFGT, and DFGTPOST.
The function call DFGTINITQ: It is clear that for all q; € Q, 0 = ®'(q;; R)

IN

®(q;; R) < ®%(q;; R) = |RJ|. Furthermore, for each query node @, 0 = ®/(Q***xR) <
(g, ; R) < *(Q™ x R) = [R] for each q;,, € Q™"

The function call DFGTBASE: Let Q*** and R** be the query node and the reference

node respectively. For each query point q;. € Q®“*, ®!(q;,;R) is incremented by

AQ™) + > E(lgi, — 13.]), and ©*(qy,,; R) by A*(Q™")+
I.jneRsub
> (k(]|dip — rjal]) — 1); this operation incorporates the passed-down contribu-
I‘anRsub
tion for q;. € Q***, and un-does the assumption made during the initialization phase
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of DFGTINITQ. ®/(Q** x R) and ®“(Q*** x R) are updated to be the minimum
among ®!(g;,.; R) and the maximum among ®*(q;,,; R) respectively. The postponed
bound changes A!(Q***) and A“(Q*") are cleared to avoid double-counting when

Q*** may be visited later.

The function call DFGT: We induct on the number of points owned by the query
node Q*“* and the reference node R** in consideration (i.e. |Q®“*|+|R***|). The only
possible places that change ®!(q;,; R), ®*(q;,,; R), ®/(Q*** xR) and ®*(Q*** xR) are
the call to the base case function DFGTBASE and the last two lines of the function
DFGT. The correctness of DFGTBASE function is proven already, so we consider the
second case. The two function calls DFGT(Q®L R5“) and DFGT(Q*f Rsu)
(in case R is a leaf node) and the four function calls DFGT(Q®*L Reub-L),

DFGT(Qs-L Rs>) DFGT(Q*>E R*L) and DFGT(Q**% R %) (in case
R is an internal node) are smaller subproblems than (Q**, (R**) pair. By the
induction hypothesis, these calls maintain the lower and the upper bounds properly.
The lower bound is set to the minimum of the “best” lower bound owned by the
children of Q***: min{®!(Q*"L x R) + AY(Q*L), o/(Q*b-ft x R) + Al(Q*u»E)}.
Similarly, the upper bound is set to the maximum of the “best” upper bound owned by

the children of Q*“: max{q)“(QS“b7L xR) +A“(Q5“b7L), @“(QSUb’R X R)—i—A“(QS“b’R)}.

The function call DFGTPosT: We again induct on the number of points owned
by the query node Q*** passed in as the argument to this function. If the query
node Q** is a leaf node, each query point q;, € Q*** incorporates the passed-down
bound changes AY(Q***) and A*(Q***). The bounds ®(Q*** x R) and ®*(Q**’ x
R) are (correctly) set to the minimum among ®'(q;_;R) and the maximum among
d4(qi,,; R). If QP is not a leaf node: we know the sub-calls DEGTPosT(Q*F)

and DFGTPosT(Q***) maintains correct lower and upper bounds by the induction
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hypothesis since Q***L and Q****F contain a smaller number of points. Setting the
lower and upper bounds for Q*** by the operations: ®/(Q**’ x R) + min{®!(QL x
R), ®/(Q*> x R)}, o*(Q** x R) + max{®*(Q*»L x R), ®*(Q*“>% x R)} is valid.

O

Theorem 3.1.9. After calling DEGTPoOST (Algorithm 8.1.12) in DFGTMAIN (Al-
gorithm 3.1.5), each query point q; € Q accounts for every reference point r; € R in

its Gaussian kernel sum approximation ZIVD(qi; R).

Proof. In Algorithm 3.1.10, for each q; € Q, each r; € R is either accounted by an
exhaustive computation in DFGTBASE or a prune in SUMMARIZE. All exhaustive
computations for q; € Q directly update 5(qi;RE(qi)), while any pruned contri-
butions will be incorporated into each ®(q;; RF2-(q;)) (hence into ®(q;, R(q;))) and
when they are pushed down (to the leaf node to which q; belongs) during the DFGT

recursion or DFGTPOST. O

Theorem 3.1.10. For each query point q; € Q, the approximated kernel sum EI;(qi; R)

satisfies the global relative error tolerance e.

Proof. For simplicity, let us limit the available approximation methods to A € {D, N(c, 0)}
where D denotes the exhaustive computation and N(c, 0) denotes the centroid-based

approximation about c.

Given g; € Q, let Q' be the (unique) leaf node that owns q;. Let RF?(q;) =
{R72}Me denote the set of reference nodes whose kernel sum contribution were ac-
counted via centroid approximation and RE(q;) = {Rp, },%, the set of reference nodes

whose kernel sum contribution were computed exhaustively. Then it is clear that

N, N,

R — (U RTa> U (U REb) Wlth RTa/ ﬂRTaN — @7 REb/ mREb// — @7 RTa/ ﬂREb/ — Q)
a=1 b=1

for 1 < a',a” < N, and 1 < V,b" < N,. Let Q' be the query node that owns q;

and is considered with the reference node R’* and pruned. Let /9 (Q”= x R) be

a “snapshot” of the running lower bound on the kernel sum for query points owned
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by Q7= at the time the query node Q”= and the reference node R’ were considered

(and subsequently pruned). By the triangle inequality:
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The proof can be easily extended to the case with four available approximation meth-

ods A € {D,N(c,p),F(C,p),N(CaP)} =

3.2 FExperimental Results
We evaluated empirical performance of six algorithms:

e Naive: the brute-force algorithm (Algorithm 3.3.1).

FFT: Fast fourier transform based kernel density estimate [192].

FGT: Fast Gauss transform [84].

IFGT: improved fast Gauss transform [201, 154].

DFD: the dual-tree centroid-based approximation method [80, 82].
e DFGT: our new algorithm (Algorithm 3.1.5).

We used the following six real-world datasets:
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Table 1: Empirical comparison of six different algorithms on different magnitudes of

bandwidths on three different datasets. Each entry in the table has a timing number

(if finite), oo symbol (if no parameter tweaking could achieve the error tolerance), X

symbol (if the algorithm segfaulted).

Alg\Scale| 0.001]0.01 [ 0.1 |1 [10 [100 [ 1000 | %
8j2-50000-2, D = 2, N = 50000, h¢.y, . = 0.00139506

Naive 241 241 241 241 241 241 241 1687

FFT 00 00 00 00 00 1.02 0.03 00
FGT X X X 2.63 148 033 |0.18 | X
IFGT 00 o0 o0 155 7.26 | 040 | 0.03 |
DFD 1.58 1.63 | 214 |4.33 | 39.7 | 29.5 1.51 | 80.39

DFGT 0.43 0.47 1.00 3.48 21 2.48 0.96 29.8
colorsdOk, D = 2, N = 50000, h¢,y, . = 0.0016911
Naive 241 241 241 241 241 241 241 1687

FFT 00 0 00 00 00 o0 0.16 00
FGT X X X 120 10 4 022 | X
IFGT o0 o0 o0 o0 o0 0.54 | 0.07 | o0
DFD 1.62 1.76 | 2.36 12.5 102 17.0 | 241 139.65

DFGT 044 |0.60 |1.21 | 15.6 |20 4.20 | 0.67 | 42.7
biod, D =5, N = 103010, h¢,y, . = 0.000308646
Naive 1310 | 1310 | 1310 | 1310 | 1310 | 1310 | 1310 | 9170

FFT X X X X X X X X
FGT X X X X X X X X
IFGT o0 s o0 ') o0 o0 1.04 | o0
DFD 0.34 036 |0.92 |[6.31 | 113 643 125 888.93

DFGT 035 | 037 094 |6.51 | 102 304 121 535.17

e 5j2-50000-2: two-dimensional astronomy position dataset.

e colors50k: two-dimensional astronomy color dataset.

e biod: five-dimensional pharmaceutical dataset.

e cdgsc-radec: two-dimensional astronomy angle dataset.

e mockgalazy-D-1M: three-dimensional astronomy position dataset.

o psfl-psf4-stargal-2d-only: two-dimensional astronomy dataset.

Note that the last three datasets contain over 1 million points and demonstrate the
scalability of our fast algorithm. For each dataset, we evaluated the empirical perfor-

mance on computing kernel density estimates at seven different bandwidths ranging
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Table 2: Empirical comparison of three algorithms on different magnitudes of band-
widths on three larger datasets. All timings are reported in seconds.
Alg\Scale| 0.001]0.01 |01 |1 |10 [100 | 1000 | %
edsge-radec, D = 2, N = 1495877, hZ‘VLs = 0.000473061
Naive 2.2ed | 2.2e5 | 2.2e5 | 2.2e5 | 2.2ed | 2.2eb5 | 2.2eb5 | 1.5e6
DFD 4.9el | 4.9el | 6.3el | le2 1.5e3 | 2e4 1.3e3 | 2.3e4
DFGT 6.8e0 | 7.4e0 | 2.1el | 5.9el | 1.7e3 | 3.5e3 | 1.4e2 | 5.4e3
mockgalaxy-D-1M, D = 3, N = 1000000, h¢.y, . = 0.00010681
Naive 9.6e4 | 9.6e4 | 9.6e4 | 9.6e4 | 9.6e4 | 9.6e4 | 9.6e4 | 6.7ed
DFD 2.4e0 | 2.4e0 | 2.6e0 | 1.5el | 9.7el | 1.7e2 | 4.4e3 | 4.7e3
DFGT 2.4e0 | 2.4e0 | 2.6e0 | 1.5el | 1.1e2 | 2.1e2 | 4e3 4.3e3
psfl-pstd-stargal-2d-only, D = 2, N = 3056092, h¢,y, . = 0.00489463
Naive 9eb 9eb 9ed 9eb 9eb 9eb 9eb 6.3e6
DFD 1.1e2 | 1.5e2 | 1.2e3 | 2.2e4 | 3.9e4 | 2.9e3 | 1.1e2 | 6.5e4
DFGT 3.9el | 8.1el | 1.4e3 | 1.6e4 | 2.3e3 | 1.9e2 | 4.2el | 1.9¢e4

from 107% to 10® times the optimal bandwidths according to the standard least-
squares cross-validation score [170]. We measured the time required for computing
KDE estimates that guarantee the global relative error: |[®(qi;R) — ®(qi;R)| <
€®(q;; R). We used € = 0.01. Each entry in the table has a timing number (if finite),
oo symbol (if no parameter tweaking could achieve the error tolerance), X sym-
bol (if the algorithm segfaulted; this is common in grid-based algorithms in higher
dimension). The entries under 3 symbol denote the total time for least-squares cross-
validation. Note that the FGT ensures: |®(q;;R) — G(qi; R)| < 7. Therefore, we
first set 7 = ¢, halving 7 until the error tolerance ¢ was met; the time for verifying
the global error guarantee (which includes comparison against the naively computed
results) was not included in the timing. For the FFT, we started with 16 grid points
along each dimension, and doubled the number of grid points until the error guarantee
was met. For the IFGT, we took the most recent version of the algorithm that does
automatic parameter tuning described in [154]. Our algorithms based on dual-tree
methods guarantees the error bound automatically via a direct parameter e.

The naive timings for the last datasets have been extrapolated from the perfor-

mances on the smaller datasets. Our results demonstrate that our new algorithm can

69



Mo |R.Rec| M, [R.Rc| M, [R.Rc| M, [R Rc|
M, |R.Rc| M, [R.Rc| M, ,[R.Rc| M, [R Re|
M, |R.Rc| M, [R.Rc| M,,[R.Rc| M,,[R Rc|
M, |R.Rc| M, [R.Rc| M, [R.Rc| M, [R Rc|
~EEEEEEEEEREEEEERE
| oo | |
Selelel e ool el e
S| s 5| 5|5 ¥ S| 5|5 5555 ¥
4 4 4 4 A A A A A A A A A A A A
Y Y Y Y Y Y Y Y Y Y Y Yy Yy vy Vv Y
=R R G N O N I N N =R R KN K )
S S S S R s e

Figure 26: Top: It is conceptually easy to visualize the moments to be stored in a
multi-dimensional array. Each dimension iterates over (p,,.,+1) scalars, a total count
of (Pmaz + 1)D scalars. Bottom: The linear layout for the storing the coefficients.

be as 15 times as fast as the original dual-tree algorithm. As expected, the grid-based

original fast Gauss transform and the fast Fourier transformed based method fails in

dimensions above two.

3.3 Applications in Nonparametric Density Estimation

Kernel density estimation (KDE) is the most widely used and studied nonparametric
density estimation method. The model is the reference dataset R itself, containing
the reference points indexed by natural numbers. Assume a local kernel function k(-)
centered upon each reference point, and its scale parameter h (the bandwidth’). The
common choices for k(-) include the spherical, Gaussian and Epanechnikov kernels.
We are given the query dataset Q containing query points whose densities we want

to predict. The density estimate at the ¢-th query point q; € Q is:

n(at) |R|Z—k: [l — 1)) (3.3.1)
r;eR

where Vp, = f k(z)dz, a normalizing constant depending on D and h. With no

assumptions on the true underlying distribution, if ~ — 0 and |R|h — oo and k(-)
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Algorithm 3.3.1 NAIVEKDE(Q, R): A brute-force computation of KDE.
for each q; € Q do
®(qi;R) <0
for each r; € R do
B(a R) + B(q: R) + h(l|as — 13/
Normalize each G(q;, R)

satisfy some mild conditions:

/ [pn(x) — p(x)|dx — 0 (3.3.2)

as |R| — oo with probability 1. As more data are observed, the estimate converges to
the true density. In order to build our model for evaluating the densities at each q; €
Q, we need to find the initially unknown asymptotically optimal bandwidth h* for the
given reference dataset R. There are two main types of cross-validation methods for
selecting the asymptotically optimal bandwidth. Cross-validation methods use the

reference dataset R as the query dataset Q (i.e. Q = R). Likelihood cross-validation

is derived by minimizing the Kullback-Leibler divergence [ p(x)log 2 (o) dx, which

Pn(x)

yields the score:

1 .
CVik(h) = @ Z log pn,—;(rj) (3.3.3)
I‘jGR

where the —j subscript denotes an estimate using all |R| points except the j-th
reference point. The bandwidth hfy, that maximizes C'Vpk(h) is an asymptotically
optimal bandwidth in likelihood cross validation sense. Least-squares cross-validation
minimizes the integrated squared error
[ (pn(x) — p(x))* dx, yielding the score:

CVis(h) = 7 3 (77, (85) = 25-4(13) (3.3.4)

r;€R

where p* ;(+) is evaluated using the convolution kernel k(-) * k(-). For the Gaussian
kernel with bandwidth of h, the convolution kernel k(-) % k(-) is the Gaussian kernel
with bandwidth of 2h. Both cross validation scores require |R| density estimate based

on |R| — 1 points, yielding a brute-force computational cost scaling quadratically
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Figure 27: (a) Grid structure used in fast Gauss transform and multidimensional fast
Fourier transform. (b) Single-level Clustering structure used in improved fast Gauss
transform.

(that is O(|R|?)) (see Algorithm 3.3.1). To make matters worse, nonparametric meth-
ods require a large number of reference points for convergence to the true underlying
distribution and this has prevented many practitioners from applying nonparametric

methods for function estimation.
3.3.1 Previous Approaches

There are three main approaches proposed for overcoming the computational barrier

in evaluating the Gaussian kernel sums:

1. to expand the kernel sum as a power series [84, 201, 154] using a grid or a

flat-clustering.

2. to express the kernel sum as a convolution sum by using the grid of field charges

created from the dataset [192].

3. to utilize an adaptive hierarchical structure to group data points based on prox-

imity [82, 77, 80].

Now we briefly describe the strengths and the weaknesses of these methods.

The Fast Gauss Transform (FGT). FGT [84] belongs to a family of methods
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called the Fast Multipole Methods (FMM). These family of methods come with rigor-
ous error bound on the kernel sums. Unlike other FMM algorithms, FGT uses a grid
structure (see Figure 27(a)) whose maximum side length is restricted to be at most
the bandwidth h used in cross-validation due to the error bound criterion. FGT has
not been widely used in higher dimensional statistical contexts. First, the number
of the terms in the power series expansion for the kernel sums grows exponentially
with dimensionality D; this causes computational bottleneck in evaluating the series
expansion or translating a series expansion from one center to another. Second, the
grid structure is extremely inefficient in higher dimensions since the storage cost is
exponential in D and many of the boxes will be empty.
The Improved Fast Gauss Transform (IFGT). IFGT is similar to FMM but
utilizes a flat clustering to group data points (see Figure 27(b)), which is more efficient
than a grid structure used in FGT. The number of clusters k is chosen in advance.
A partition of the data points into Cq, - - - , Cy is formed so that each reference point
r; € R is grouped according to its proximity to the set of representative points
C1,- -+ ,Ck. Thatis, rj € Cp, if and only if ||r; — cm|| < ||r; — | for 1 <1 < k.
Furthermore, IFGT proposes using a different series expansion that does not re-
quire translation of expansion centers as done in FGT. The original algorithm [201]
required tweaking of multiple parameters which did not offer for a user to control
the accuracy of the approximation. The latest version [154] is now fully automatic
in choosing the approximation parameter for the absolute error bound, but is still

inefficient except on large bandwidth parameters. See Section 3.2.

Fast Fourier Transform (FFT). FFT is often quoted as the solution to the compu-
tational problem in evaluating the Gaussian kernel sums. Gaussian kernel summation
using FFT is described in [171] and [192]. [171] discusses the implementation of

KDE only in a univariate case, while [192] extends [171] to handle more than one
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Figure 28: Two possible binning rules for KDE using multidimensional fast Fourier
transform. Consider a data point falling in a two-dimensional rectangle. In 28(a), the
entire weight is assigned to the nearest grid point. In 28(b), the weight is distributed
to all neighboring grid points by linear interpolation.

dimension. It uses a grid structure shown in Figure 27(a) by specifying the number
of grid points along each dimension.

The algorithm first computes the M; x - - - x Mp matrix by binning the data
assigning the raw data to neighboring grid points using one of the binning rules. This
involves computing the minimum and maximum coordinate values (g; s, ¢i1), and
the grid width §; = % for each i-th dimension. This essentially divides each i-
th dimension into (M; — 1) intervals of equal length. In particular, [192] discusses two
different types of binning rules - linear binning, which is recommended by Silverman,
and nearest-neighbor binning. [192] states that nearest-neighbor binning rule per-
forms poorly, so we will test the implementation using the linear binning rule, as rec-
ommended by both authors. In addition, we compute the L; X --- X Lp kernel weight
matrix, where L; = min (L%J , M; — 1>, with 7 =~ 4 and K; = ﬁ exp (%ﬁ’“‘s’“),
—Ly <y < Ly, for 1 = [ly, ..., Ip|" € ZP. .

To reduce the wrap-around effects of fast Fourier transform near the dataset

boundary, we appropriately zero-pad the grid count and the kernel weight matri-

ces to two matrices of the dimensionality P, X - - -Pp, where P, = 2'°#2 [Mi+Lil - The
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i1 C1,M,

The grid count matrix: C% = 0
CMl,]. .. CMl,MQ
0 0
Koo -+ Kor, Kor, -+ Ko
: : 0 : :
Kro -+ Krr, Kpr, -+ Krj
The kernel weight matrix: KZ = 0 0 0
Kro -+ K, Krp, -+ Kri
R
Ky - K, Kiyp, -+ Kpn

—0.5((1161)%+(169)?)
where K, 1, =€ n?

Figure 29: The grid count and the kernel weight matrix formed for a two-dimensional
dataset. They are formed by appropriately zero-padding for taking the boundary-
effects of fast Fourier transform based algorithms into account.

key ingredient in this method is the use of Convolution Theorem for Fourier trans-
forms. The structure of the computed grid count matrix and the kernel weight matrix
is crafted to take advantage of the fast Fourier transform. For every grid point g;,
Sk(g;) = i LZD cj—1Kx,; can be computed using the Convolution Theorem
for Fouriélrz:l“islmsf(l)?r:n_.hkfter taking the convolution of the grid count matrix and
the kernel weight matrix, the M; X --- X Mp sub-matrix in the upper left corner
of the resultant matrix contains the kernel density estimate of the grid points. The
density estimate of each query point is then linearly interpolated using the density
estimates of neighboring grid points inside the cell it falls into. However, performing
a calculation on equally-spaced grid points introduces artifacts at the boundaries of
the data. The linear interpolation of the data points by assigning to neighboring grid
points introduce further errors. Increasing the number of grid points to use along
each dimension can provide more accuracy but also require more space to store the

grid. Moreover, it is impossible to directly quantify incurred error on each estimate

in terms of the number of grid points.
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Dual-tree KDE. In terms of discrete algorithmic structure, the dual-tree framework
of [78] generalizes all of the well-known kernel summation algorithms. These include
the Barnes-Hut algorithm [10], the Fast Multipole Method [83], Appel’s algorithm
[7], and the WSPD [28]: the dual-tree method is a node-node algorithm (considers
query regions rather than points), is fully recursive, can use distribution-sensitive
data structures such as kd-trees, and is bichromatic (can specialize for differing query
set Q and reference set R). It was applied to the problem of kernel density estimation
in [82] using a simple variant of a centroid approximation used in [7].

This algorithm is currently the fastest Gaussian kernel summation algorithm for
general dimensions. Unfortunately, when performing cross-validation to determine
the (initially unknown) optimal bandwidth, both sub-optimally small and large band-
widths must be evaluated. Section 3.2 demonstrates that the dual-tree method tends
to be efficient at the optimal bandwidth and at bandwidths below the optimal band-
width and at very large bandwidths. However, its performance degrades for interme-

diately large bandwidths.
3.3.2 Conclusion

In this chapter we presented an improvement to the dual-tree algorithm [82, 77, 80],
the first practical kernel summation algorithm for general dimension. Our exten-
sion is based on the series-expansion for the Gaussian kernel used by fast Gauss
transform [84]. First, we derive two additional analytical machinery for extending
the original algorithm to utilize a adaptive hierarchical data structure called kd-
trees [15], demonstrating the first truly hierarchical fast Gauss transform, which we
call the Dual-tree Fast Gauss Transform (DFGT). Second, we show how to integrate
the series-expansion approximation within the dual-tree approach to compute kernel
summations with a user-controllable relative error bound. We evaluate our algorithm

on real-world datasets in the context of optimal bandwidth selection in kernel density
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estimation. Our results demonstrate that our new algorithm is the only one that
guarantees a relative error bound and offers fast performance across a wide range of
bandwidths evaluated in cross validation procedures. Our results demonstrate that
the O(p?) expansion helps reduce the computational time on datasets of dimension-
ality up to 5. We note that our method has been included in the thesis [197] for

comparison.
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CHAPTER IV

SERIES EXPANSION-BASED METHOD II

Here we again consider the acceleration of the Gaussian kernel sums (Equation (3.0.2))
with arbitrary non-negative weights w;*. For concreteness, we again define the com-

putational task tackled in this chapter.

Problem: Suppose we are given the set of query points Q and the set of reference
points R. Given a pairwise Gaussian kernel function k(x,y) = exp (w’;T?'”Q), the
relative error level € > 0, and the desired kernel sum ®(q;R) = > w;k(q,r;) for
each q € Q, o

Task: Compute an approximation 5(q; R) for each q € Q such that

O(q;R) — ¢(q; R)| < eP(q; R) as fast as possible.

Expansions in [84] and Chapter 3 require the computation of O(p?) sub-terms. While
effective in the context of computational physics problems, this is problematic in
statistical /data mining applications, in which D may be larger than 2 or 3. Chap-
ter 3 developed the translation operators and error bounds necessary to perform the
original FGT-style O(p”) approximation within the context of the dual-tree frame-
work, demonstrating the first hierarchical fast Gauss transform. However, the new
algorithm showed efficiency over any of the aforementioned methods over the entire
range of bandwidths necessary in cross-validation, only in very low dimensions (3 or
less). The Improved Fast Gauss Transform (IFGT) [201] introduced a rearranged

series approximation requiring O(DP) sub-terms, which seemed promising for higher

!This is a slightly generalized setting than the one in Chapter 3.
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Figure 30: Take D = 2 and p = 6 for example. Left: O(DP) (15 terms); Right:
O(pP) (25 terms) Think of “sampling” the Gaussian kernel at fixed basis functions.
From bottom to top, left to right, we have multi-indices: O(DP): (0, 0), (1, 0), (2,
0), (3, 0), (4, 0), (0, 1), (1, 1), (2, 1), (3, 1), (0, 2), (1, 2), (2, 2), (0, 3), (1, 3), (0, 4);
O(pP): (0, 0), (1, 0), (2, 0), (3, 0), (4, 0), (0, 1), (1, 1), (2, 1), (3, 1), (4, 1), (0, 2),
(1,2), (2, 2), (3,2), (4,2), (0,3), (1,3), (2,3), (3, 3), (4, 3)
dimensions with an associated error bound, which was unfortunately incorrect. The
IFGT was based on a flat set of clusters and did not provide any translation operators.
In this chapter, we demonstrate for the first time the O(DP) (rather than O(p?))
expansion of the Gaussian kernel (different from that of the IFGT) within a hi-
erarchical (dual-tree) algorithm. We also introduce a more efficient mechanism for
automatically achieving the user’s error tolerance which works with both discrete and
continuous approximation schemes. We evaluate these new techniques empirically on

real datasets, revealing the strengths and weaknesses of the main current

approaches for the first time.
4.1 O(D?) and O(p”) Expansions

For concreteness, we first discuss the difference between O(p?) and O(DP) expansion.
The O(pP) expansion [84] utilizes the multiplicative nature of the Gaussian kernel
(i.e. the multivariate isotropic Gaussian kernel is the product of univariate Gaussian
kernels) and the univariate Taylor’s theorem (Theorem 3.1.1). On the other hand,

the O(DP) expansion uses the multivariate Taylor’s theorem.

79



{0,0} 1100

{0, 1} [2.83

{0,2} [11.3

{0,3} [1.16

{0,4} [2.92

o {0,0} [10.0 {1,0} 359

e (1,0} [350 |[{1,1} |231

Crow A {0,1} 283 {1, 2} [3.67
- {2,0} [13.7 {1,3} 106
o L3I |[{L4) 0867
o q {0,2} [11.3 {2,0} [13.7
S {3,0} |1.95 {2,1} [4.23
b (2,1 [423 |[{2,2} [155
() {1,2} 1367 |[{2,3} [1.76

{0,31 [1.16 {2, 4} [4.08

{4, 0} 350 {3,0} [1.95

{31} [11.2 {31} [11.2

2,2} [155 {32} [1.85

{1,3} [106 {3,3} [5.16

{0,4} [2.92 {3,4} 0479

{4, 0} 350

{4,1} [1.10

{4,2} 393

{4,3} 10.465

{474y [1.03

Figure 31: In (b), the far-field moments using the reference points shown in (a) are
computed in the O(DP) expansion (left) and in the O(p”) expansion (right) up to
the same order p = 5; note that both representations store moments in a linear array
representation, and the moments in the O(DP) are a subset of those in the O(pP)

expansion of the same order.
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Theorem 4.1.1. Multidimensional Taylor’s Theorem: Let O C RP be an open
set. Let x, € O and f be a function which is n times differentiable in O. For any

x € O, there exists 0 € R with0 < 0 < 1 such that f(x) = Y S D*f(x.)(x—x,)*+
la[<p
> LDf(x. 4+ 0(x — x.))(x — x.)*. The last term R, = Y, SD*f(x, + 6(x —
loe|=p lex|=p

x,))(x — x,)® is called the Lagrange remainder and |R,| < > & sup |D*f(x, +

|a|:p 0<h<1

0(x — X.) ‘H‘x — X,[d |a[d]

Let us compare the far-field expansion and the local expansion under both the
O(pP) and O(DP) expansion schemes.

Far-field Expansion: Let R** be a reference node. A far-field exzpansion for O(p?)

is given by:
CI) qh Rsub Z wj, exp < ||q12h Tj, || )
rj, ERsub
=1 (1y,0d] — cgen[d)\ ad] — cgo[d]

- 5 T 3 g () (e

rj, ERsub ald)=0 orfd]! 2h? 2h?

1y, [d] — cgou[d]\ *” aild] — crew[d)]

- Wl 2 S o (S el

rj, ERsub = ald]<p [d] 2h? 2h?

Z 1 (I'Jn - CRsub a ( ] - CRsub [d] )
ol A V2 V2h?

Truncating after p terms along each dimension yields:

®(q;; R*) ~d <qi; {(R*** F(cgem, {ax € (Z+ U {0})D o< p}))})

B D 1 (ry,]d] — cren]d\ " aild] — cren[d]
= Z wjnH Z a[d]!< T > ha[d]( Jon?

rj, ERsub d=1 \ afd]<p
CRsub q_l - CRsub

- Y X g () e (B

rjneRsub a<p « 2h
_ Z w;, (rjn — CRsub)a 5 (qi — CRsub)

| a —
a<p [rj,eRr o 2h? 2h?
qi - CRsub

= Z Ma (RSUb, CRsub)ha (—,—)

a<p 2h2
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If the truncated part of the series per each dimension,

3 a[ld]! (m[d] \;% [d])a[d] - (qi[d] _2(;;“1, [d]>

ald]>p

is small, the truncation incurs small error. Ideally, we would like to choose the smallest
p such that the truncation after the chosen order p incurs tolerable error; this will be
discussed in Section 4.3. The transition from the fourth line to the fifth line follows
from the definition of a multi-index a to be less than a scalar p.

The O(DP) expansion truncates the terms in a different way:

B(qs; R™) ~B(qs; {(R™, Flegew, {a € (ZF U {0})” 1 la] < p})})})

. sub ql — CRsub
= Z Ma<R 7CRsub)ha <—2h2 )

loe|<p
Local Expansion: A local expansion is a Taylor expansion of the kernel sums about

a representative point cqss In a query region Qsub:

SU ||q1 rn||
®(q;; R™) Z w]nexp( 57,2 .

— 5 %;sm wj,, ﬁh(i;: hnd (Cqub [d]2;2rjn [d]) (Cli [d] \;;Tgsub [d] ) ﬁ’)
B - ;aub Hn H (T;D hnd (CQW [d]Q;;’in W) (qi [d] \;QC_}SM [d] > s .

5 (—nld)!"d h (Cqub [d]2;2rjn [d]) (Qi [d] \;;_}gsub [(ﬂ)ﬁ)
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Again, truncating after p terms along each dimension yields:
(qs; { (R, N(cqus, {a € (ZF U{0})” s e < p}))})

- 51 S () (5

rj, ERsub d=1 \ngqg<p
B
-3 w, Y (—1)ﬁhﬁ (Cwa —l"jn) (qi —CQS“*’)
e B 2h2 V2n?
Jn

Bb> (=D, , (cqm—rjn) <qi—cqub>ﬁ
pr 7 oh? oh2

:6<p Tjn cRsub

B
o sub c b + D m
—%Nﬁ({(R (e, {B € (ZTU{0H)P: B <p}))}) ( NGTE )

The truncation incurs small error, given that the absolute value of the truncated part:

> <—n1d>!"d - (Q [d]Q;rjn[d]) (qim e [d])"

ng>p

is bounded by a small quantity. The error bound criterion will again be discussed in

Section 4.3. The O(DP) expansion of the local expansion is given by:

(qs; R™) ~@(qs; {(R™, N(cqu, {8 € (2+ U {0})” 8] < p})})})

i — Cosub s
= 3 Nall(R. (cqm (B € (U (01 18 <p)p (2227

1Bl<p

4.2 Translation Operators

Since the properties of the Gaussian kernel do not require that approximation be
made in the local fashion, the original FGT used a flat grid with only far-to-local
operator whose associated incorrect error was corrected by [11]. [114] derived two
additional translation operators necessary for a hierarchical FGT and the associated
error bounds for O(p?) expansion of Hermite/Taylor coefficients. For a review of all

three translation operators, see Chapter 3.
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4.3 Error Bounds for O(D?) Expansions

Because Hermite/Taylor expansions are truncated after a finite number of terms, we
incur an error in approximation. In order to bound the total approximation error, we
need one error bound for each translation operator. In [114], the Hermite and the
Taylor expansion were treated as products of D univariate Hermite/Taylor expan-
sions. The trailing sum in each univariate expansion was bounded using the property
of infinite geometric series, which in turn limited the size of the query /reference node
for pruning to be valid. Here, we use the same translation operators, but instead
view each expansion as a vector function and use the O(DP) expansion advocated
in [201]. The new error bounds based on this new expansion scheme depend on the
multidimensional Taylor’s Theorem, and effectively eliminate the node size restriction
imposed by the O(p”) expansion [84, 114].

The first lemma gives an upper bound on the absolute error on estimating a
reference node contribution by evaluating a truncated Hermite expansion. The second
lemma gives an upper bound on the absolute error incurred from approximating the
contribution of a reference node by evaluating the Taylor series formed via direct local

accumulation of each reference point.

Lemma 4.3.1. Suppose we are given a far-field expansion of R*™ about cgsuw :

B(a; {(R*, Flegao, p)}) = 5 Ma(R™, cpe)ha (3572852 ) where

|| <p

Mo(R,cgen) = % g (7w ) Then: [B(q: {(R™,F(eew.p))})

. sub
rj, €R5Y
4h? D—1 Rsub

Y0 (1)’

r;—c
FRew = IMNAX M and p' =p mod D and W(R*) = > wj.
r;cRsub b
J rjeRsu

exp <M) (D+p71>rp
where

/

®(q; R*™)| < Er(p) = W(R*")
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Proof. By Theorem 4.1.1 and the triangle inequality,

- C S
O(qR™) = > Ma(R™, crow)ha (O‘T;>

loe|<p
1 q - CRsub rj - CRsub «
< X wfilla-nl - ¥ e (o) ( )
r; gub ! (1|Z<p a' 2h2 2h,2
<W Rsub L .1 R*
Wi )|O¢Z:p ol qus{irbl,?leRsub ( 2h2) e \/_2
_dl(qub Rsub) 1 o r d] — Crow [d] ad]
SW(RSUb) exp ( ; Z — <\/§> \/a J
ah o= o L NoT
—d'(Q™, R’ 1 |xld] - chb [d] |~
W (R™) exp ( Z I1 ild
4h? X Va! el
a —dl(qub,Rsub)Q D+p—1
W(Rsub)exp ( dl(QSUb RSUb ) Z R Rsub)eXp< 4h? > ( D—-1 )TRSuh
4h? D ;
VB (151
]

Lemma 4.3.2. Suppose we are given the local expansion about cqsw of the given query

node Q™ accounting for the kernel sum contribution of R : ®(g;, ; {(R*, N(cqsw,p))})

5 Na({(R™, (cqus.0)}) (2=28™)" where qy,, € Q™ and Na({(R™, (cqu.p))}) =

1B1<p

\ﬁ‘\ St Tin SU SU
S E0%hg (fa) Then: | (as,; (R, N(cqu, p))}) = las, R*)| <

l sub sub
eXI{M) Dip1)p
En(p) = W(Rs) e (87 ™ here rQsb = IMax

V(™ (r51)” e

[ldi—cqsub |loo
% and

Proof. The derivation is similar to one in Lemma 4. O

The final lemma gives an upper bound on the absolute error incurred by approx-
imating the reference node contribution by the Taylor expansion converted from the

truncated Hermite expansion.
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Lemma 4.3.3. A truncated far-field expansion centered about cgsw of R*%,

~ — CRsub
O(q; {(R™, F(cges, p)}) = > Ma(R™, cpon) g (qT;;>

a<p
has the following local expansion about cqsw of Qs for q;,, € Q0
& su su i —C g | P
Blan (R, Flenno, )} = 3 Na({(MalR, o) (equo. D)) (H2758)  wheres

Ng({(Ma (Rsub, CRsub), (Cqub,p))}) — B'WI | Z|; M, (Rsub CRbub)ha+B (CQSu\b/%RSub > .
Let &;(qimQ {(JWOL(R;?ub7 CRsu ), N(Cqub D)} = |B|2< N,@({( (Rsub Crewt), (Cqub 0D

e . \B ‘ S
<%T\/T?b) , a truncation of the local expansion of ®(qs,,; {(R*“, F(cgsw,p))}) after
O(D?) terms. Then:

‘&)(qim; {(Ma(R*™, egeus), N(cquu, p))}) — ®(q; R“‘b)‘ < Eg(p)

7dl (qubyRsub)2 D+p71
eXp< n? ("520)
P
D

D+p—1 5
W (R™) NPT (g + (V) (75 1) (Vrqua) )
(LB (151"
5 = ll9i —dilloo
where T gsu qrggﬁb e

I I 0, Osz<l

TReub = maxbw, p'=p mod D and I(z) =
r;€RsY

p—1, otherwise

Proof. Let By = ( ;lﬁl > é(_rj?/(%ub)ahwrﬂ(qi;%w) (qig_;?zi)ﬁ and

IBI Bl<p  lal>p
Ba= 3 S5ha(Y5) (%72)° Then

( |ﬁ| su q_l — CRsub su
P(aqi) - Z i |Z|: My (R cgow ) harip Thp; < W(R™)(| By |+]| )
Bl<p a|<p
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7dl(qub,Rsub)2 D+p—1
eXp( 4h2 ( Dfl )Tgsub
Clearly, |Es| <

Vi)™ (1)

. In addition,

1 1 D r;[d] — cgowd] ’a[d] ‘Qi[d] — cqow [d] ‘ﬂ[d]
B < gp 3 aZpa!};Il oz NoTe Qs
r;€Rou
dl(qub Rsub a —|—,6 \fa-ﬁ-ﬁ
<
oA 3 R
ﬁ ri[d] — cgoud] ‘a[dl aild] — cquun[d] “’[d]
e V212 V2h?
dl(qub Rsub ) a—&—ﬁ\/»
<exp ( Z Z \[
\B\<p\/>la\—p Val
D rjld] — crew[d] |9 asld] — equu [d] g
}_[1 V2h? | van? |
dl(qub Rsub
cor () X 05 8
ﬁ GRS V@) ald] - equnld) [
h
exp< qub Rob) ) D+p 1 \f?"R ub) Z H}\/Q qild ch,,[d])
<
VB (151 ey VP i h
qub Rsub D+p 1
(O
TG R ﬁ”( o)) e
Dl (151

4.4 New Error Guarantee Rule

|B[d]

We now specify the function CANSUMMARIZE(Q®**, R*“?), which has only local in-

formation (contained in the query node Q®“’ and the reference node R**) avail-

able to it. In the dual-tree finite-difference algorithm (DFD) [77], the function

SUMMARIZE(Q?*** R**) approximates the contribution of R*** to each query point q;

in qub, (I)(qiE RSUb), by a)<(]i; Rsub) _ W(Rsub)[( _ W(Rsub> k(d“(QS“b,RS“b));rk(dl(qub,RS“b))
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where W(R**) = > w; and d'(Q***, R***) and d“(Q*"*, R*"*) are lower and up-

I‘jERSUb
per bounds on the distance between q; € Q* and r; € R**, respectively. These

distances are easily obtained using the bounding boxes of the nodes. By using these
bounds DFD algorithm maintains a running lower bound ®/(Q*** x R) on ®(q;; R**?)
which holds for all q; € Q***. In Section 4.3, we laid out more approximation meth-
ods in addition to finite-difference approximation: evaluating a truncated Hermite
expansion centered at cgsw, forming a truncated Taylor expansion centered at q; us-
ing each reference point, and forming an approximated truncated Taylor expansion
centered at q; by converting the truncated Hermite expansion centered at cgsw. This
change was described in Section 3.1.8.

Our series-expansion based algorithm uses four different approximation methods,
ie. A€ {D,N(c,p),F(c,p),N(c,p)}. For each R*“’, an approximation method is

chosen. D denotes the exhaustive computation of > wj k(||ai — rj.||). N(c,p)
. €R

denotes the translation of the order p far-field momen’;eof R** to the local moments
in the query node Q*“’ that owns q; about a representative centroid c inside Q**.
F(c,p) denotes the evaluation up to the p-th order far-field expansion formed by
the moments of R** expanded about a representative point ¢ inside R**. N(c, p)
denotes the p-th order direct accumulation of the local moments due to R**® about a
representative centroid ¢ inside Q**® that owns q;.

Now note that: Ep = 0, and EF, En, and L are given as Lemma 4.3.1,4.3.2, 4.3.3
respectively. The approximation rule above essentially gives each reference node

R** a maximum relative error proportional to the sum of the weights of reference

points it contains. In considering the i-th reference node contribution, when A = D

W (R;)e

(exhaustive direct method), the maximum allowable relative error of W( ®) is not used

W' (Ri)e
W(R)

up; Otherwise, if ®/(Q*** x R) > 0, pruning requires only a relative error of

W (R)Ea,

where W’(Rl) = m

Our new approximation rule notes that the portion of

the weights not used to cover the incurred pruning error can be stored into a field
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variable of Q®“* (initialized to zero before the computation and denoted AT(Q**)
hereon) in each query node Q*** to use them in future pruning opportunities. The
first case yields W(R;) as the leftover, while the second case (pruned case) yields
W(R;) — W'(Ry).

Given A; € A with the maximum absolute error of Ea, we now modify the

En < e(W (RS0 +Wr)
7 .

QIR = Solving for Wy yields:

approximation condition to:

W E,

Wr = WR™)(Grgasm

— 1). Whenever a pruning is attempted, the modified
algorithm will evaluate the right handside of the inequality. If the evaluated value is

negative, it represents the leftover “token” after pruning is performed and AT (Q®)

W(R)En,

— m) I positive,

of the current query node will be incremented by W (R**) (1
it represents the required extra “token” from the AT (Q***) slot of the current query

node, in order to prune the given query and reference node pair. If AT(Q**) > W,

W(R)Ex 1).

pruning succeeds and AT (Q**) is decremented by W (Rs“?) (m

4.5 New Dual-tree Algorithm

During the preprocessing phase, the Hermite moments of order PLIMIT is pre-
computed for the reference tree. For the experimental results, we have fixed PLIMIT =
8 for D = 2, PLIMIT = 6 for D = 3, PLIMIT = 4 for D = 5, PLIMIT = 2 for
D = 6. We presume that PLIMIT =1 for D > 6.

During the recursive function call, an optimized version of finite-difference prun-
ing is first attempted. In case of failure, we attempt FMM-type pruning in which
we choose the cheapest operation given a query node Q®* and a reference node
R*“ from the followings: direct Hermite evaluation, direct local accumulation, H2L
translation, and exhaustive computations. Roughly, direct Hermite evaluations at
each q; € Q** is O(|Q***| Drru+1)  direct local accumulation O(|R***|DPrL+1) H2L
translation O(D?#2tF1) an exhaustive method O(D|Q“*||R***|). In our algorithm,

if an exhaustive method is selected, we let the recursion continue, hoping pruning can
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occur in the finer level of recursion. It is possible to hand-tune the exact cutoffs for
determining the optimal choice, but these rough approximations seem to work well.
In the post-processing step, we perform a breadth-first traversal of the query tree.

The algorithm is similar to the one described in Chapter 3.

4.6 Experiments and Conclusions

We empirically evaluated the runtime performance of six algorithms on six real-world
datasets (astronomy (2-D), physical simulation (3-D), pharmaceutical (5-D), biology
(7-D), forestry (10-D), image textures (16-D)) scaled to fit in [0, 1]P hypercube, for
kernel density estimation at every query point with a range of bandwidths, from 3
orders of magnitude smaller than optimal to three orders larger than optimal, accord-
ing to the standard least-squares cross-validation scores [170]. In our case, the set of
reference points is the same as the set of query points. All datasets have 50K points
so that the exact exhaustive method can be tractably computed. We set the tolerance
e = 0.01. We compare: FGT (Fast Gauss Transform [84]), IFGT (Improved Fast
Gauss Transform [201]), DFD (dual-tree with finite-difference [77]), DFDO (dual-
tree with finite-difference and improved error control (Section 3.2)), DFTO (dual-tree
with O(pP) expansion [114] and improved error control), and DITO (dual-tree with
O(DP) expansion and improved error control). All times (which include preprocessing
but exclude parameter selection time) are in CPU seconds on a dual Intel Xeon 3 GHz
with 2 Gb of main memory/1 Mb of CPU cache?. Codes are in C/C++, compiled
under —O6 —funroll — loops flags on Linux kernel 2.6.9-11. The measurements in
columns two to eight are obtained by running the algorithms at the bandwidth kh*
where 1072 < k < 103 is the constant in the corresponding column. The dual-tree
algorithms all achieve the error tolerance automatically. We also note that the FGT

uses a different error tolerance definition: |®(q;) — ®(q;)| < Wr. We first set 7 = e,

2Experimental setups are the same as [112].
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Table 3: Speedup results on the 2-D, the 3-D, and the 5-D datasets.

572 — 50000 — 2, D =2, N = 50000, h* = 0.00139506

Alg\h* | 1072 | 1072 | 107! |1 10! 102 10° by
Naive | 452 452 452 452 452 452 452 3164
FGT X X X 4.36 1.66 |026 |0.13 |X
IFGT | c© 00 00 00 00 %) 7.05 o0
DFD 1.98 |3.12 |22 8.12 | 85.6 | 230 1.99 | 333
DFDO | 2.02 |3.18 |219 |7.08 |77.7 | 170 0.82 | 263
DFTO | 205 |322 |227 |7.44 |537 |249 |0.72 |23.6
DITO | 2.61 3.88 [3.00 |9.21 7.64 1.51 0.84 | 28.7
mockgalaxy — D — 1M — rnd, D = 3, N = 50000, h* = 0.000768201
Alg\h* | 1072 [ 1072 [ 107! |1 10! 10? 10° h
Naive | 461 461 461 461 461 461 461 3227
FGT X X X X 00 o0 o0 X
IFGT | c© 00 00 00 00 00 00 00
DFD 1.37 | 1.40 1.32 | 0.96 1.29 | 57.6 | 552 616
DFDO | 1.40 1.43 1.35 | 0.97 | 1.25 |44.5 | 355 406
DFTO | 1.45 1.48 1.41 1.03 1.37 |20 28.3 | 55
DITO 229 |232 |2.28 1.92 228 406 |865 |60.3
biod — rnd, D = 5, N = 50000, h* = 0.000567161
Alg\h* | 1072 | 1072 | 107! |1 10! 102 103 by
Naive | 491 491 491 491 491 491 491 3437
FGT X X X X X X X X
IFGT | o 00 00 00 00 00 00 00
DFD 5.59 | 6.49 13.5 17.1 128 577 169 917
DFDO | 5.75 | 6.67 13.7 16.2 113 544 81.6 | 781
DFTO | 5.80 |6.70 13.8 16.5 123 422 282 870
DITO |6.92 | 7.86 15.6 19.3 133 365 6.10 | 554
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halving it until the error tolerance ¢ was met. For the IFGT, we created an auto-
matic scheme to tweak its multiple parameters based on recommendations given in
the paper and software documentation: For D = 2, use p = 8; for D = 3, use p = 6;
set p, = 2.5; start with K = +/N and double K until the error tolerance is met.
When this failed to meet the tolerance, we resorted to additional trial and error by
hand. We are primarily concerned with the sum of the times over all the bandwidths,
shown in the last column of the table. Entries in the tables of X’ denote cases where
the algorithm exhausted RAM and caused a segmentation fault. Entries of co denote
cases where no setting of the algorithm’s parameters was able to satisfy the error
tolerance.

Our results demonstrate that the O(DP) expansion helps reduce the computational
time on datasets of dimensionality up to 5. For example, on the 2-D dataset, the new
algorithm DITO performed about 12 times as fast as the original DFD algorithm,
which is in itself an improvement over the naive algorithm. The datasets above five
dimensions, however, present difficulty for the series expansion idea to be effective,
and the new algorithm is slower than DFD algorithm. Yet the algorithm with the
optimized pruning rule (DFDO) consistenyl yields about 10 % to 15 % improvement

over DFD algorithm in higher dimensions.
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Table 4: Speedup results on the 7-D, the 10-D, and the 16-D datasets.

pall7 — rnd, D = 7, N = 50000, h* = 0.00131865

Alg\h* 1073 1072 107! 1 10! 107 103 h
Naive 511 511 511 511 511 511 511 3577
FGT X X X X X X X X
IFGT | c© 00 00 00 00 00 o0 00
DFD 14.9 15.1 16.6 37.7 50.8 372 625 1132
DFDO | 15.5 15.6 17.3 38.2 49 321 587 1044
DFTO | 15.6 15.6 174 | 384 |50.2 |337 621 1095
DITO | 16.5 16.7 18.4 40.5 54.7 362 703 1212
covtype — rnd, D = 10, N = 50000, h* = 0.0154758
Alg\h* | 1072 [ 1072 [ 107! |1 10! 10? 10° h
Naive | 515 515 515 515 515 515 515 3605
FGT X X X X X X X X
IFGT | c© 00 00 00 00 00 00 %9
DFD 26.5 29.7 88.2 104 557 659 114 1476
DFDO | 27.2 30.5 90.2 98.2 515 623 5.73 1390
DFTO | 274 |30.7 |90.6 |101 477 660 6.10 | 1393
DITO |28.4 31.6 92.8 106 490 668 6.19 1423
CoocTexture — rnd, D = 16, N = 50000, h* = 0.0263958
Alg\h* 1073 1072 107! 1 10! 102 103 b
Naive | 558 558 558 558 558 558 558 3906
FGT X X X X X X X X
IFGT | o 00 00 00 00 00 00 00
DFD 19.3 36.6 107 199 611 641 0.56 1614
DFDO | 199 |36.4 | 107 237 589 375 0.58 | 1365
DFTO | 20.1 | 37.8 108 189 629 401 0.60 | 1386
DITO |26.2 |38.9 112 196 655 437 0.62 | 1466
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CHAPTER V

MONTE CARLO MULTIPOLE METHOD

In this chapter, we continue exploring the problem of accelerating the Gaussian kernel
sums (Equation (3.0.2)). In Chapter 3 and Chapter 4, we advocated the usage of the
most successful class of acceleration methods that employ “higher-order divide and
conquer” or generalized N-body algorithms (GNA) [78]. This approach can use any
spatial partioning tree such as kd-trees or ball-trees for both the query set Q and
reference data R and performs a simulataneous recursive descent on both trees.

GNA with relative error bounds (Definition 2.4.2) utilized bounding boxes and
additional cached-sufficient statistics such as higher-order moments needed for series-
expansion. The original framework [78, 82, 77, 80] utilized bounding-box based error
bounds which tend to be very loose, which resulted in slow empirical performance
around suboptimally small and large bandwidths. The most recent extesnsions de-
scribed in Chapter 3 and Chapter 4 extended GNA-based Gaussian summations with
series-expansion which provided tighter bounds; it showed enormous performance im-
provements, but only up to low dimensional settings (up to D = 5) since the number
of required terms in series expansion increases exponentially with respect to D.

[95] introduces an iterative sampling based GNA for accelerating the computa-
tion of nested sums (a related easier problem). Its speedup is achieved by replacing
pessimistic error bounds provided by bounding boxes with normal-based confidence
interval from Monte Carlo sampling. [95] demonstrates the speedup many orders of
magnitude faster than the previous state of the art in the context of computing aggre-
gates over the queries (such as the LSCV score for selecting the optimal bandwidth).

However, the authors did not discuss the sampling-based approach for computations
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that require per-query estimates, such as those required for kernel density estimation.

None of the previous approaches for kernel summations addresses the issue of
reducing the computational cost of each distance computation which incurs O(D)
cost. However, the intrinsic dimensionality d of most high-dimensional datasets is
much smaller than the explicit dimension D (that is, d < D). [121] proposed tree
structures using a global dimension reduction method, such as random projection, as a
preprocessing step for efficient (14 ¢€) approximate nearest neighbor search. Similarly,
we develop a new data structure for kernel summations; our new data structure is
constructed in a top-down fashion to perform the initial spatial partitioning in the
original input space R? and performs a local dimension reduction to a localized subset
of the data in a bottom-up fashion.

In this chapter, we propose a new fast Gaussian summation algorithm that enables
speedup in higher dimensions. Our approach utilizes: 1) probabilistic relative error
bounds (Definition 2.4.3) on kernel sums provided by Monte Carlo estimates; 2) a new
tree structure called subspace tree for reducing the computational cost of each distance
computation. The former can be seen as relaxing the strict requirement of guaran-
teeing hard relative bound on very small quantities, as done in [82, 77, 80, 114, 112].
The latter was mentioned as a possible way of ameliorating the effects of the curse of
dimensionality in [137], a pioneering paper in this area. We now formally define the

computational task tackled in this chapter.

Problem: Suppose we are given the set of query points Q and the set of reference

points R. Given a pairwise Gaussian kernel function k(x,y) = exp (_H;T_Qy”Q), the

relative error level € > 0, the probability guarantee level 0 < a < 1, and the desired
kernel sum ®(q;R) = > k(q,r;) for each q € Q,

r;eR
Task: Compute an approximation ®(q;R) for each q € Q such that

O(q;R) — ¢(q; R)| < e®(q; R) with an asymptotic probability guarantee level of «
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Algorithm 5.1.1 DFGT(Q*“, R*%)

if CANSUMMARIZE(Q***, R**®, ¢) then
SUMMARIZE(Q**, R*%)
else if CANSUMMARIZEMC(Q®, R*“ ¢, o) then
SUMMARIZEM C(Q*** R*** ¢, o)
else
if Q** is a leaf node then
if R** is a leaf node then
DFGTBASE(Q’, R¥%)
else
DFGT (qub, Rsub,L), DFGT (qub’ Rsub,R)
else
if R** is a leaf node then
DFGT(qub,L’ Rs“b), DFGT(qub’R, Rsub)
else
DFGT qub,L, Rsub,L)’ DFGT (qub,L’ Rsub,R)
DFGT qub,R’ RSUb’L), DFGT ((‘qub,R7 Rsub,R)

as fast as possible.

5.1 Gaussian Summation by Monte Carlo Sampling

Here we describe the extension needed for probabilistic computation of kernel sum-
mation satisfying Definition 2.4.3. The main routine for the probabilistic kernel sum-
mation is shown in Algorithm 5.1.1. The function DFGT takes the query node Q*“
and the reference node R (each initially called with the roots of the query tree and
the reference tree). The idea of Monte Carlo sampling used in the new algorithm is
similar to the one in [95], except the sampling is done per query and we use approxi-
mations that provide hard error bounds as well (i.e. finite difference, exhaustive base
case: DFGTBASE). This means that the approximation has less variance than a pure
Monte Carlo approach used in [95]. Algorithm 5.1.1 first attempts approximations
with hard error bounds, which are computationally cheaper than sampling-based ap-
proximations. For example, finite-difference scheme [82, 77, 80] can be used for the

CANSUMMARIZE and SUMMARIZE functions in any general dimension.
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The CANSUMMARIZEMC function takes two parameters that specify the accu-
racy: the relative error and its probability guarantee and decides whether to use
Monte Carlo sampling for the given pair of nodes. If the reference node R contains
too few points, it may be more efficient to process it using exact methods that use
error bounds based on bounding primitives on the node pair or exhaustive pair-wise
evaluations, which is determined by the condition: ¢ - Mg < |R*| where ¢ > 1
controls the minimum number of reference points needed for Monte Carlo sampling
to proceed. If the reference node does contain enough points, then for each query
point q € Q***, the SAMPLE routine samples Miniiq; terms over the terms in the

summation ®(q;R*) = > k(||]q — 1j,||) where ®(q; R***) denotes the exact

I.jneRsub
contribution of R** to q’s kernel sum. Basically, we are interested in estimating

d(q; R*) by ®(q; R*) = |R**®|ug, where pug is the sample mean of S. From the
Central Limit Theorem (Theorem 2.3.2), given enough m samples, ug ~ N (i, 0% /m)

where ®(q; R*?) = |R*“ |y (i.e. p is the average of the kernel value between q and

sub);

any reference point r € R this implies that |ug — p| < with probability

2a /298
Jm
1 — «. The pruning rule we have to enforce for each query point for the contribution

of R** is:
os ed(q; R)
Za <
“ym = IR

where og the sample standard deviation of S. Since ®(q;R) is one of the unknown

quanities we want to compute, we instead enforce the following:

U (- sub _ %a/298
oy (V@R R (s - )
= R|

(5.1.1)

where ®!(q;R) is the currently running lower bound on the sum computed using

exact methods and |R*“| (,us - %) is the probabilistic component contributed

I

number of samples for q needed to achieve the target error the right side of the

by R*®. Denoting ®""“(q; R) = ®'(q; R) + |R*| (,us - ZQ/—WS), the minimum
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inequality in Equation 5.1.1 with at least probability of 1 — « is:

, (R|+ R
S (@ R) + R )?

m > 23/20

If the given query node and reference node pair cannot be pruned using either non-
probabilistic/probabilistic approximations, then we recurse on a smaller subsets of two

sets. We now state the probablistic error guarantee of our algorithm as a theorem.

Theorem 5.1.1. After calling DFGT with Q*** = Q, R*** = R, Algorithm 5.1.1
approximates each ®(q; R) with 5(q; R) such that Definition 2.4.3 holds.

Proof. For a query/reference (Q**, R**®) pair and 0 < a < 1, DFGTBASE and

SUMMARIZE compute estimates for q € Q*** such that ‘EJ(q; R)—?(q;R)| < E%HRM‘

with probability at least 1 — a. By Equation 5.1.1, SUMMARIZEMC computes es-

timates for g € Q® such that |®(q;R) — ®(q; R)‘ < e%‘f"mb' with probability
1—a.

We now induct on |Q*** UR**|. Line 11 of Algorithm 5.1.1 divides over the refer-
ence whose subcalls compute estimates that satisfy )&)(q; Rs“E) — @(q; R )| <

e%ﬁw and |®(q; R™E) — &(q; Rsub’R)‘ < 6%@ each with at least
1 — a probability by induction hypothesis. For q € Q**, CTD(q; R) = 5(q; RsuL) 4
& (q; R*“%) which means |®(q; R) — ®(q; R)| < E—Mq;l‘?}y‘mub‘ with probability at least
1 — a. Essentially, the frontier nodes used for approximation (see Figure 15) act as
strata and error bound argument can be proven using the techniques in Theorem 4
of [95]. Line 14 divides over the query and each subcall computes estimates that hold
with at least probability 1 — a for q € Q*“* U Q*“»£. Line 16 and 17 divides both

over the query and the reference, and the correctness can be proven similarly. O

5.2 Subspace Tree

A subspace tree is a space-partitioning tree with a set of orthogonal bases associated

with each node N: Q(N) = (u, U, A, d) where p is the mean, U is a D X d matrix
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Algorithm 5.2.1 Monte Carlo sampling based approximation routines.

SAMPLE(q, R*, ¢, a, S, m) CANSUMMARIZEMC(Q** R ¢, o)
for k =1 tom do return ¢ - Mipiigq < R

r < random point in R**

S < SU{k(|la—r|))} SUMMARIZEM C(Q** R*% ¢, ar)
ps <= MEAN(S) for q; € Q** do
0§ < VARIANCE(S) S 0, m < Minitial
plrew(q; R) < ®l(q; R)+ repeat

sub _ Za/20s SAMPLE(q;, R*™ €, a, S, m)
R s = - until m < 0
Methresh < 22/20% 62(‘1>g|(1(:1{;|;§|4f\{;3i’)’|us)2 cb(ql; R) — q)(ql, R) + |RSU6| :
M <— Mypresh — |S’ MEAN(S)

whose columns consist of d eigenvectors, and A the corresponding eigenvalues. The
orthogonal basis set is constructed using a linear dimension reduction method such
as PCA. It is constructed in the top-down manner using the PARTITIONSET function
dividing the given set of points into two (where the PARTITIONSET function divides
along the dimension with the highest variance in case of a kd-tree for example),
with the subspace in each node formed in the bottom-up manner. Algorithm 5.3.1
shows a PCA tree (a subspace tree using PCA as a dimension reduction) for a 3-D
dataset. The subspace of each leaf node is computed using PCABASE which can use
the exact PCA [76] or a stochastic one [60]. For an internal node, the subspaces
of the child nodes, Q(N%) = (up, Uy, Ay, dr) and Q(N) = (ugr, Ur, Ar,dg), are
approximately merged using the MERGESUBSPACES function which involves solving
an (dp +dr+1) x (dp +dr + 1) eigenvalue problem [90], which runs in O((dr, + dg +
1)?) < O(D?) given that the dataset is sparse. In addition, each data point x in
each node N is mapped to its new lower-dimensional coordinate using the orthogonal
basis set of N: X, = U7 (x — u). The Ly norm reconstruction error is given by:
|Xrecon — XI[5 = [[(UXproj + 1) — x[[3.

Monte Carlo Sampling using a Subspace Tree. Consider CANSUMMARIZEM C
function in Algorithm 5.2.1. The “outer-loop” over this algorithm is over the query

set Q, and it would make sense to project each query point q € Q to the subspace
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owned by the reference node R**’. Let U and p be the orthogonal basis system
for R*“’ consisting of d basis. For each q € Q*®“, consider the squared distance
|[(@—p) —Tproj||* (Where (q—p) is @’s coordinates expressed in terms of the coordinate
system of R**) as shown in Figure 32. For the Gaussian kernel, each pairwise kernel

value is approximated as:

2 2 2
—|q—-r 119 — YQrecon —|proj — Yproj
o (1LY (9 ) o (e ) (55

where Qrecon = Udpro; + 10 and qu; = UT(q — p). For a fixed query point q,

exp <7Hq+§""”2> can be precomputed (which takes d dot products between two D-

dimensional vectors) and re-used for every distance computation between q and any
reference point r € R*“ whose cost is now O(d) < O(D). Therefore, we can take
more samples efficiently. For a total of sufficiently large m samples, the computational
cost is O(d(D +m)) < O(D - m) for each query point.

Increased variance comes at the cost of inexact distance computations, however.
Each distance computation incurs at most squared Ly norm of ||Tyecon — r||3 error.
That is, |||d — Trecon||? = ||d — T||3] < ||Trecon —||5- Neverhteless, the sample variance

for each query point plus the inexactness due to dimension reduction (s can be shown

to be bounded for the Gaussian kernel as: (where each s = exp <_Hq+§“’"”2> E

2
1 2 . |ITrecon _rH% . —|[[Trecon _rH%
< $° | min< 1, max exp| ————= —-m min exp| ——=
- m — 1 ( (SEZS ) { rERSUb p < h2 MS reRsub p 2h2

Exhaustive Computations Using a Subspace Tree. Now suppose we have built
subspace trees for the query and the reference sets. We can project either each query
point onto the reference subspace, or each reference point onto the query subspace,
depending on which subspace has a smaller dimension and the number of points in
each node. The subspaces formed in the leaf nodes usually are highly numerically

accurate since it contains very few points.
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Figure 32: Left: A PCA-tree for a 3-D dataset. Note that the tree is constructed in
the original Euclidean space that contains the point set, but instead here shown to
illustrate how subspaces are merged. Right: The squared distance between a given
query point and a reference point projected onto a subspace can be decomposed into
the orthogonal component and the subspace component.

5.3 FExperimental Results

We empirically evaluated the runtime performance of our algorithm on seven real-
world datasets, scaled to fit in [0, 1]P hypercube, for approximating the Gaussian sum
at every query point with a range of bandwidths. This experiment is motivated by
many kernel methods that require computing the Gaussian sum at different band-
width values (according to the standard least-sqares cross-validation scores [170]).
Nevertheless, we emphasize that the acceleration results are applicable to other ker-
nel methods that require efficient Gaussian summation.

In this chapter, the reference set equals the query set. All datasets have 50K
points so that the exact exhaustive method can be tractably computed. All times
are in seconds and include the time needed to build the trees. Codes are in C/C++
and run on a dual Intel Xeon 3GHz with 8 Gb of main memory. The measurements
in second to eigth columns are obtained by running the algorithms at the bandwidth
kh* where 1072 < k < 103 is the constant in the corresponding column header. The

last columns denote the total time needed to run on all seven bandwidth values.
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Algorithm 5.3.1 PCA tree building routine.

BUILDPCATREE(P**)
if CANPARTITION(P**") then
{psubl Psuby o PARTITIONSET(P**?)
N < empty node
N’ « BUuiLDPCcATREE(PT)
N% «+ BuiLDPCATREE(PF)
MERGESUBSPACES(Subspace of NZ Subspace of N*)
else
N «+ BUILDPCATREEBASE(P**)
PcABASE(P*%)
PROJECT(P*** Subspace of N)
return N

Each table has results for five algorithms: the naive algorithm and four algorithms.
The algorithms with o = 0 denote the previous state-of-the-art (finite-difference with
error redistribution) [112], while those with a > 0 denote our probabilistic version.
Each entry has the running time and the percentage of the query points that did not
satisfy the relative error e.

Analysis. Readers should focus on the last columns containing the total time needed
for evaluating Gaussian sum at all points for seven different bandwidth values. This
is indicated by boldfaced numbers for our probabilistic algorithm. As expected, On
low-dimensional datasets (below 6 dimensions), the algorithm using series-expansion
based bounds gives two to three times speedup compared to our approach that uses
Monte Carlo sampling. Multipole moments are an effective form of compression in low
dimensions with analytical error bounds that can be evaluated; our Monte Carlo-based
method has an asymptotic error bound which must be “learned” through sampling.
As we go from 7 dimensions and beyond, series-expansion cannot be done efficiently
because of its slow convergence. Our probabilistic algorithm (o = 0.9) using Monte
Carlo consistently performs better than the algorithm using exact bounds (a = 0)
by at least a factor of two. Compared to naive, it achieves the maximum speedup of

about nine times on an 16-dimensional dataset; on an 89-dimensional dataset, it is
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at least three times as fast as the naive. Note that all the datasets contain only 50K

points, and the speedup will be more dramatic as we increase the number of points.

5.4 Conclusion and Future Work

We presented an extension to fast multipole methods to use approximation methods
with both hard and probabilistic bounds. Our new technique is based on a proba-
bilistic approximation based on the central limit theorem and a new data structure
that records a dominant subspace in each node in a hierarchical data structure which
reduces the distance computation cost. Our experimental results show speedup over
the previous state-of-the-art on high-dimensional datasets. Our future work will in-
clude possible improvements inspired by a recent work done in the FMM community
using a matrix-factorization formulation [129] and a more extensive experimental

comparison.
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Algorithm \ scale | 0.001] 0.01 | 0.1 |

1 |10

| 100 | 1000 |

mockgalaxy-D-1M-rnd (cosmology: positions), D = 3, N = 50000, 2* = 0.000768201

Naive 182 182 182 182 182 182 182 1274
MCMM 3 3 5 10 26 48 2 97
(e=0La=01) |1% |[1% |1% |1% |1% [1% |5%
DFGT 2 2 2 2 6 19 3 36
(e=0.1,a=0) 0% |0% |0% |0% |0% 0% |0%
MCMM 3 3 4 11 27 58 21 127
(e=00L,a=01) | 0% |0% |1% |1% |1% [1% |7%
DFGT 2 2 2 2 7 30 ) 50
(e =0.01,a0 =0) 0% |0% |0% |0% |0% 0% |0%

bio5-rnd (biology: drug activity), D = 5, N = 50000, ~* = 0.000567161
Naive 214 214 214 214 214 214 214 1498
MCMM 4 4 6 144 149 65 1 373
(e=01,0=01) [0% |0% (0% |[0% |1% |0% |1%
DFGT 4 4 5 24 96 65 2 200
(e=0.1,a=0) 0% |0% |0% |0% |0% |[0% | 0%
MCMM 4 4 6 148 165 126 1 454
(e=0.01,0=01) 0% [0% |0% |0% |[1% |[0% |1%
DFGT 4 4 ) 25 139 126 4 307
(e=0.01,a =0) 0% |0% |0% |0% |0% 0% | 0%

pall7 —rnd, D = 7, N = 50000, i — 0.0013136
Naive 327 | 327 | 327 | 327 | 327 | 327 | 327 | 2289
MCMM 3 3 3 3 63 224 <1 300
(e=01,a=01) [0% |0% 0% |1% |1% |[12%|0%
DFGT 10 10 11 14 84 263 223 615
(e=0.1,a=0) 0% |0% |0% |0% |0% 0% | 0%
MCMM 3 3 3 3 70 265 |5 352
(e=001,0=01) 0% |0% |0% 1% |2% 1% | 8%
DFGT 10 10 11 14 85 299 374 803
(e =0.01,0 =0) 0% |0% |0% |0% |0% 0% | 0%
covtype — rnd, D = 10, N = 50000, h* = 0.0154758

Naive 380 380 380 380 380 380 380 2660
MCMM 11 11 13 39 318 <1 <1 381
(e=01,a=01) [0% |[0% |0% |[1% [0% |0% |0%
DFGT 26 27 38 177 1390 | 244 | <1 |903
(e=0.1,a=0) 0% |0% |0% |0% |0% |[0% | 0%
MCMM 11 11 13 77 362 2 <1 477
(e=0.01,0=0.1)|0% [0% | 0% 1% |1% 10% | 0%
DFGT 26 27 38 180 427 416 <1 1115
(e=0.01,a =0) 0% |0% |0% |0% |0% |[0% | 0%
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Algorithm \ scale ‘ 0.001\ 0.01 ‘ 0.1 ‘ 1

| 10

| 100 | 1000 | =

CoocTexture — rnd, D = 16, N = 50000, h* = 0.0263958

Naive 472 472 472 472 472 472 472 3304

MCMM 10 11 22 189 109 <1 <1 343

(e=01,0=01) [0% |0% 0% |1% |8% |0% |0%

DFGT 22 26 82 240 452 66 <1 889

(e=0.1,a=0) 0% [0% |[0% |0% [0% |[0% |0%

MCMM 10 11 22 204 285 <1 <1 534

(e=001,0a=01) 0% |0% 1% |[1% [|10% |4% |0%

DFGT 22 26 83 254 543 230 <1 1159

(e=0.01,a0 = 0) 0% [0% |0% |0% [0% 0% |0%
LayoutHistogram — rnd, D = 32, N = 50000, h* = 0.0609892

Naive 757 757 757 757 757 757 757 5299

MCMM 32 32 54 168 583 8 8 885

(e=01,a=01) [0% 0% |1% |1% |[1% |0% |0%

DFGT 153 159 221 492 849 212 <1 2087

(e=0.1,a=0) 0% [0% |0% |0% |[0% |[0% |0%

MCMM 32 45 60 183 858 8 8 1246

(e=0.01,0=01) 0% [0% |1% |6% [1% [0% |0%

DFGT 153 159 222 503 888 659 <1 2585

(e=00L,a=0) [0% 0% |0% |0% |[0% |0% |0%
CorelCombined — rnd, D = 89, N = 50000, h* = 0.0512583

Naive 1716 | 1716 | 1716 | 1716 | 1716 | 1716 | 1716 | 12012

MCMM 384 | 418 575 428 1679 | 17 17 3518

(e=01,0=01) [0% |0% (0% |1% |10%|0% |0%

DFGT 659 677 864 1397 | 1772 | 836 17 6205

(e=0.1,a=0) 0% [0% |0% |0% [0% 0% |0%

MCMM 401 419 575 437 1905 | 17 17 3771

(e=001,a0a=01) 0% |0% (0% |1% |2% |0% |0%

DFGT 659 677 865 1425 | 1794 | 1649 | 17 7086

(e =0.01,a0 = 0) 0% [0% |0% |0% [0% |[0% |0%
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CHAPTER VI

APPLICATIONS IN NONPARAMETRIC CLUSTERING

Mean shift is a powerful but computationally expensive method for nonparametric
clustering and optimization. It iteratively moves each data point to its local mean
until convergence. We introduce a fast algorithm for computing mean shift based on
the dual-tree. Unlike previous speed-up attempts, our algorithm maintains a relative
error bound at each iteration, resulting in significantly more stable and accurate
convergence. We demonstrate the benefit of our method in clustering experiments
with real and synthetic data.

This chapter presents a fast algorithm for computing mean shift (MS). MS is a
nonparametric, iterative method for unsupervised clustering and global/local opti-
mization. It has a wide range of applications in clustering and data analysis. For
example, the computer vision community has utilized MS for (1) its clustering prop-
erty in image segmentation, feature analysis [48] and texture classification [73]; and
for (2) its quadratic optimization property in visual tracking [46, 47]. MS is attractive
for clustering and optimization problems due to its ability to adapt to the data dis-
tribution. However, it suffers from high computational cost - O(|Q||R|) operations in
each iteration (see the pseudo code in algorithm 6.1.1) Therefore, applications of MS
have either used fairly small datasets [48, 47], or avoided updating all of the points in
the query set (e.g. a local optimization process is started from a single query). Alter-
natively, some fast approximations of MS have been proposed [73, 201]. While these
methods have been shown experimentally to have high efficiency, they suffer from
three major limitations: 1) Improved Fast Gauss Transform-based MS [201] (IFGT-

MS) can use only the Gaussian kernel; 2) Both IFGT-MS and Locality Sensitive
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Hashing-based MS [73] (LSH-MS) have many tuning parameters; 3) Both methods
lack explicit error bounds for the vector approximation in each iteration of MS.

We believe speedup techniques should ensure both the accuracy and the stability
of the approximation. “Accuracy” means that the approximation has a guaranteed
error bound. “Stability” means that the approximation should return almost identical
results over different runs. Nondeterminism typically stems from randomized initial-
ization, and approximation methods which lack reliable error control mechanisms can
be sensitive to these initial values, resulting in a significant variation in their outputs
for a fixed input. In this chapter, we introduce an acceleration technique that achieves
both accuracy and stability — Dual-tree [78] based mean shift (DT-MS). DT-MS can
use any kernel, has a user-specified relative error tolerance on each computation of
m(q;) (Equation (6.1.1)) and requires no other parameter tuning. Our experiments
on datasets with dimensionality ranging from 2 to 16 and size ranging from 6, 000 to
68, 040 demonstrate the superiority of DT-MS over IFGT-MS and LSH-MS in terms

of speed, accuracy, and stability. This chapter makes three contributions:

1. Introduction of DT-MS, a novel approximation method for MS which is fast,

accurate, and stable.

2. An extension of the dual-tree method (introduced in [78] for positive scalar
targets) to the signed mean vector case. To achieve this extension, we have
developed (i) A new global error bound (Theorem 1) for pruning nodes, (ii)
A novel finite difference approximation for the signed mean vector, and (iii) A

new algorithm for updating bounds on the L1 norm.

3. The first empirical comparison of fast MS algorithms on standardized datasets.

We highlight for the first time the issue of stability in MS approximation.

6.1 Mean Shift
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Algorithm 6.1.1 MEAN-SHIFT(Q, R, w(-), k(+), €)

Input: Q, R, € (the pre-defined distance threshold)
Output: The converged query set

dist = 100 % ones(|Q|, 1) {initialize distance vector}
while max(dist)> ¢ do
for each q; € Q do
_ Zrjer kr—anw(ry)r;

m{d) = 55, ety
dist(q;) = ||m(q;) — qil|2 {distance can be of any norm}
qi < m(q;)

return Q

Mean shift [38, 71] moves each query to its local mean until convergence (see
algorithm 6.1.1). Let R denote the reference data set, and Q denote the query data
set. R C RP,Q C R” r; € R, q; € Q. The mean of query q; is defined as:

m( ) — h<q1> . Z:rjeRk(rj - qi)w(rj)rj
W= Fa) > eyer by — apw(ry)

(6.1.1)

where w : RP? — R is a weight function which can vary with r; and time. In this
chapter we set w(rj) = 1 for all r;. The kernel function & : R? — R has profile
k :[0,00] = R, such that k(z) = k(||%]|*), where h is the bandwidth and & is mono-
tonically non-increasing, nonnegative and piecewise continuous [38]. Now we formally

define the computational task tackled in this chapter!.

Problem: Suppose we are given the set of query points Q and the set of reference
points R in each mean shift iteration. Given a pairwise kernel function £, the relative
error level € > 0, and the desired kernel sums h(q;) = ereR k(r; — qi)w(rj)r; and
flar) = 2orer K1y — ai)w(ry),

Task: Compute an approximation m(q; R) = % for each q € Q such that

'We realize that this is speeding up only the inner-loop computations in the mean shift clustering
procedure. The error accumulation incurred across multiple iterations do affect the convergence but
we experimentally validate that the resulting clusters are more stable than previous approaches.
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llm(q; R) — m(q;R)||; < ¢|]lm(q;R)||; as fast as possible for speeding up each iter-

ation of the mean shift clustering procedure (i.e. bounding the L; norm error).

Cheng [38] proves that MS is a step-varying gradient ascent optimization. [65]
shows MS is equivalent to Newton’s method with piecewise constant kernels, and it

is a quadratic bound maximization for all kernels.

6.2 Previous Acceleration Methods

The denominator of Equation 6.1.1 is a kernel density estimate (KDE) while the
numerator is a weighted vector sum. The key challenge in accelerating MS is to ap-
proximate this ratio. Since MS is closely related to KDE, most speedup methods focus
on fast approximation of f(q;) or fast range search at q; (defined by the bandwidth).
The two most important related works are the Improved Fast Gauss Transform-based
MS (IFGT-MS) [201] and Locality Sensitive Hashing-based MS (LSH-MS) [73].

IFGT-MS is applicable to only the Gaussian kernel. IFGT-MS first clusters the ref-
erence points using the k-center algorithm and loops over each query point/reference
cluster pair, evaluating the precomputed (truncated) Taylor coefficients for clusters
that are within the distance threshold from the query point. IFGT-MS requires a
significant amount of manual parameter tuning for good performance.?

LSH [74] has been popular recently for k-nearest neighbor (k-NN) search in high
dimensions. It performs L random partitions of the data set. For each partition, a
boolean vector of size K is generated for each datum, thus the data set are indexed
into 25 cells. Each query q; belongs to L cells simultaneously. The union of the
L cells is returned as the neighborhood of q;. The choice of (K, L) is critical. The

training process [73] selects the (K, L) that minimizes the query time on a subset

2The important parameters are: p-polynomial order, K.-number of partitions, e-ratio of the
cutoff radius to the bandwidth, which determines the absolute error bound. We follow the authors’
suggestion: K. = m ; we gradually increase e and p as we tune them to achieve comparable result
to DT-MS(Epan.), though the authors recommend e = 3 and p < 3.
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of Q and satisfies a user-specified k-NN distance approximation error bound, which
unfortunately is not directly related to the approximation of m(q;).

Unlike these two previous speedup techniques, our dual-tree based mean shift
method imposes a relative error bound on the entire mean vector m(q;). Achieving
this stronger accuracy guarantee requires more computation than other approaches,
but our experimental results demonstrate that DT-MS achieves much more stable
convergence results while still providing a significant speedup. In particular, DT-MS
is faster than IFGT-MS, LSH-MS and naive MS in speed and convergence when using

the Epanechnikov kernel.

6.3 Dual-tree Mean Shift

The dual-tree-based algorithm described in Chapter 2 and Chapter 3 can be applied
to the mean shift computation because it computes m(q;) = h(q;)/f(qi) (which
involves summations of weighted pairwise kernel values) in every iteration of MS. In
every iteration of MS, a query tree is rebuilt because g; is updated as m(q;), while the
reference tree remains fixed. In contrast to KDE, mean shift involves the numerator
h(q;) which is a weighted vector sum and f(q;) which is in the form of KDE. Here

we ensure a relative error bound in L; norm (other norms are applicable too) on the

mean vector m(q;) directly: [h(ai)/f(ai) — h(ai)/f(ai)li/IB(a)/f (@)l < 7. h(a)

and f(q;) denote approximations to the numerator and the denominator, respectively.
This error bound brings up three questions: 1) How to distribute the global error
bound 7 into the local node-node pruning? 2) How to maintain the bounds for the
vector? 3) How to apply these bounds in approximation? We answer these below.
Maintaining the Bounds. The distance bounds between Q*** and R**’, and hence
the bounds on f(q;) and h(q;), are used in the linear approximation and error bounds
distribution. Unlike KDE, the vector term takes on both positive and negative values,

so we need to keep track of them separately. For each query point q; and for each query
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Algorithm 6.3.1 MS-DUALTREE(Q®**, R*")

if Q°“ is not a leaf node then
for each dimension d do

hl’d(qi) = max (hl’d(Qi)7 min (hgi:bb,L,dv h'gigb,}%,d))

h(qi) = min (b4 (as), max (Rge 1 g RGeS R )

FH(Q) = max (£1(Q), min (£ 1. F20 1))
fu(qi) = min (fu(qi)v max (fgifLa fgi%R))

AK = k(dl(qub’ Rsub)) o k(du<qub’ Rsub))

A[(min = k(dl(qub7 RSUb)) - k(dl(Q7 R))

AK e = k(d“(Q", R*™)) — k(d*(Q,R))

dly = |R5“b]AKmam, duy = ]Rsub]AKmm.

if AK < min {Tfl(gs(%%gsub), Téi%jbd)} then
for each dimension d do

dlp, = STYUR)AK pin + STHRIM)AK 0z
dup, = STYRM)AK i + STHRM)AK s
R (qi)+ = dlp,,h"(aq;)+ = dup,
fl(qub)+ — dlf’fu(qub)+ — de
else if Q*** and R*“ are leaves then
MS-DUALTREEBASE(Q*®*, R*")
else
MS-DUALTREE(Q®“>F R*“:L) MS-DUALTREE(Q®“>L R 1)
MS-DUALTREE(Q*"“0-f R*0L) MS-DUALTREE(Q*" 2, Reub-1t)

node Q*“’, we maintain dimension-wise lower and upper bounds for the numerator:
htd(q;) and h%%(q;) for q;, and hb4(Q) and h“4(Q**) for Q*“ for 1 < d < D,
denoted h!(q;), h*(q;), K'(Q**), and h*(Q***) collectively as a vector. Similarly, the
lower and the upper bounds for the denominator can be maintained: f!(q;), f“(q;),
fHQ), and f*(Q***). We define the following sums of directional coordinate values
for all reference points: S4¢ = ereR|rj(d)|, SHd = ereR,rj(d)>0 rj(d), S™ =
er E€R,r;(d)<0 r;(d), and the sums for reference points belonging to a given reference
node R*™: SHI(R™) = ZrJ-GRS”b,rj(d)>0 rj(d), STYR™) = ereRsub,rj(d)<0 r;(d),
SR = SHIRW) + S—I(RW), SAYRW) = > rjerew [Tj(d)], where rj(d) is the
d™ coordinate of rj, d = 1,..., D. After the query and the reference trees are built,
we initialize the lower and the upper bounds for the numerator and the denominator

for all q;’s and all Q**’s as follows:
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Algorithm 6.3.2 MS-DUALTREEBASE(Q*?, R*")

for each q; € Q** do
for each r; € R** do
0 = K@=y}, £+ = e, f = o, f0— = [RVIK(QR)), f— =
IR**|k(d'(Q,R))
for each dimension d do
Rt (q;)+ = c - 1j(d),h**(qi)+ = ¢ - 1j(d),
W (qp)— = (Spak(d(Q™, R*™)) + Sk k(d*(Q***, R*™))),
hu,d(qi)_ — (S];dk(du(qub?Rsub)) + SE@%(dl(quhRsub)))
fl(qub) — minqu f(;mn, énam = max,eq f;nax
for each dimension d do
ht4(q;) = min b (q;), h*(q;) = max h™4(q;)
qeQ q€Q

P(ar) = BQ™) = STUK(d(Q,R)) + (" (Q.R))
pe(ar) = BHQ) = SHIE(A(Q R)) + 5K (Q,R)
) = 11Q") = [RIK(d"(Q.R))
FU(a) = /(@) = [RIKA(Q.R))

where d'(Q,R) and d*(Q, R) denote the min/max distances between the root node
of the query tree and the root node of the reference tree. The bounds above will be
maintained and updated at all times, such that for any query node Q***: ht¢(q;) <
h(q;) < h*%(q;) for 1 <d < D and f/(Q™) < f(qi) < f*(Q™*) for any q; € Q™.
Specifying the Summarize Function. Given a query node Q*** and a reference
node R** we can approximate R5“’s contribution to the numerator as h(q;; R**)
and to the denominator as f(q;; R5“) for all q; € Q**® by the linear finite difference

approximation with the bounds ford =1,---, D:

%d(qi; Rsub) _ (hl’d(qi; Rsub) + h"’d(qi; Rsub))/2
:((S_’d(Rsub)k(dl(QSUb,RSUb)) + S+’d(RSUb)k(du(QSUb,RSUb)))—f-

(S+’d(RSUb)k(dl<QSUb, Rsub)) 4 S*,d(Rsub)k(du(qub’ RSUb))))/Q — SR,th

and to the denominator f(q;; R***) by: f(q;; R*®*) = |R*“*|K},. During recursion,
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the bounds are tightened as:

W (i) + =STR™) (k(d'(Q™", R™)) — k(d'(Q, R)))
+STURM) (k(d"(Q™, R™™)) — k(d“(Q, R)))
R (qi)+ =ST4UR™) (k(d'(Q*, R™)) — k(d'(Q,R)))
+STYR) (R(d(Q™, R™)) — k(d"(Q,R)))
Q)+ =R*|(k(d"(Q, R™™)) — k(d"(Q, R)))

fa)+ =R (k(d(Q™", R*™)) — k(d'(Q,R)))

Specifying the CanSummarize Function. The global relative error bound 7
is satisfied by ensuring a local pruning criterion in the function CANSUMMARIZE.
Simple algebraic manipulation reveals that:

th(ai)/f(ai) —h(a)/f(a)]:/h(a)/fla) <7

| f(a)h(a) — fla)hla)h < 7f(a) b))

Theorem 6.3.1 derives the pruning condition based on the triangle inequality, which
shows how to satisfy the right hand side of the above relationship. The condition spec-
ifies the CANSUMMARIZE function for DT-MS to guarantee the global error bound.
Multipole expansion is also used for more pruning [112]. We define some notations
first. Given a query node Q***, the bounds for h(q;) in L; norm for any q; € Q** are
defined ass (@) = 3= T(h(a), h*(@). U(Q™) = 3= max (1(ap). |+*“(ai))
where : :

a,a >0

I(a,b) = § —b,b < 0 for a,b € R, such that L(Q**) < |h(q;)|; < U(Q*) for

0, otherwise
\
all q; € qub.

Theorem 6.3.1. Given a query node Q*** and a reference node R**, if R***’s con-

tribution to all q; € Q™ is approzimated as h'(qy; R*®) = (Sg.a(k(d*(Q™, R™)) +
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E(d(Q R*))))/2,d = 1,..., D and fr(q;) = [R*|K,, the following local pruning
criterion must be enforced to guarantee the global relative error bound 7: k(d'(Q**®, R5%))—

u SU su . Q) L(Q5uP)  +L(Q5ub
k(d(Q™, R*)) < min { @@ @0,

Proof. If the local pruning criterion is met and R** is approximated, we have

|’Ed<qi; Rsub) . hd(qi; Rsub)| < (h”’d(qi; Rsub) B hl’d(qi; Rsub))/2

:SA’d(RSUb)(k‘(dl(wa, Rsub)) . k(du(QSUb,RSUb)))/Q

for d = 17 e 7D and |fR(ql)_f(ql)| < |RSUb’(k(dl(QSUb7 RSUb)>_k(du(qub7 Rsub)))/2
Given q; € Q®*, suppose Z(qi) and f(qi) were computed using reference nodes

U{R**} = R. By the triangle inequality,

[f(a)h(as) = flai)h(as)i < [7as)lil f(a) = Flai)] + f(as)|(e(as) — h(a)h

< > [hlan)i(f(as R™) = Fr(ai))| + fla)lhr(a) - ha; R™))
Rsub

<[h(a)h Y [R™|(k(d Q™ R™)) — k(d"(Q™, R*"))) /2+
Rsub

Fla) D SHURM) (R(d(Q™, R™)) — k(d"(Q™, R™™)))/2

Rsub d

- TIRsub| £L(Qsub sub . T A,d (R sub sub .
SZ [\h(ch)h R QI{VSQ(QSLL)(Q )+f(0ﬁ) ZdSQZ(I:SA?dL(Q ) < 7f(aqi)h(q)r O

Rsub

O

6.4 FExperiments and Discussions

We have two tasks in the experiments. One is to compare the speedup of DT-MS
over the naive MS. The other is to compare the speed, accuracy and stability in
convergence among DT-MS, IFGT-MS and LSH-MS. We used the IFGT-MS and
LSH-MS codes provided by the authors. LSH uses an Epanechnikov-like kernel. So

we tested both the Gaussian kernel (k(q; — r;) = e~ lal*/2%) and Epanechnikov
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Table 5: Running time (in seconds) of DT-MS and naive-MS with the Gaussian
kernel. N;; is the number of iterations in MS, 7 = 0.1, e = 0.01.

Images | Speedup | Time(DT/Naive) | N; hy
Fox 44.74 155.22/6944.54 | 1/1 | 0.0166
Snake 136.51 39.71/5420.36 1/1 | 0.0065
Cowboys 1.75 3059.38/5352.24 | 2/1 | 0.0172
Vase 19.06 300.66/5729.44 | 1/1 | 0.0163
Plane 32.86 187.54/6162.65 | 1/1 | 0.0102
Hawk 48.88 127.35/6224.48 | 1/1 | 0.0136

kernel (k(q; —rj) =1 — ||qi — 1j]|?/h? if ||a; — 1;]| < h, otherwise 0) for DT-MS. * Q
is initialized as R for all the datasets.
Speedup of DT-MS over the Naive MS. We chose image segmentation as a
representative clustering task. The goal of image segmentation is to cluster pixels
into several distinct groups. We followed [201]’s approach of segmentation, where
each datum represents the normalized CIE LUV color space for each pixel and the
labels are assigned to the pixels by applying a k-means algorithm to the converged Q
returned by MS. In other words, one image forms one dataset R C R? and the size of
R equals the number of pixels in the image. We applied DT-MS and the naive MS to
10 test images from the Berkeley segmentation dataset.* The image size is 481 x 321,
i.e. N =154,401. The speedup is an order of magnitude in 7 images and two orders
of magnitude in one image. A summary of running time and speedups for a set of
representative images is given in Table 5. Segmentation results for these images are
shown in Figure 38.

Comparison among DT-MS, IFGT-MS and LSH-MS. The speed, accuracy

and stability in convergence of the three algorithms are empirically evaluated on

synthetic and real datasets. The accuracy of convergence is evaluated by the relative

3The optimal bandwidth h, for the Gaussian kernel is automatically selected by DT-KDE using
leave-one-out least square cross validation. The optimal bandwidth h. for the Epanechnikov kernel
is determined as he = 2.214 % h, (for the univariate case) according to the equivalent kernel rescaling
in Table 6.3 in [166].

4http:/ /www.eecs.berkeley.edu/Research/Projects/CS /vision/bsds/
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error in Ly norm as |m(q;) — m(q;)|1/|m(q;)|1, where m(q;) is the final convergence
of q; using naive MS and m(q;) is produced by the approximation algorithm. Stable
algorithms should exhibit low variance in the converged point positions over multiple
runs. We demonstrate stability by displaying the results from different runs.

Experiment 1: We first compare the three methods on two typical images for seg-
mentation (Figure 33). Table 6 shows the average running time and accuracy of
convergence (represented in relative error) for two images. The results over different
runs are not shown because the variations are mostly cancelled by applying k-means
to group the converged pixels. LSH’s running time has two parts: MS+ (K, L) train-
ing. We include the training time because it is required for every dataset, and (K, L)
training comprises the majority of the running time. DT-MS(Epan.) is the best in
both speed and accuracy. The average number of iterations for IFGT-MS and DT-MS
is very small (1 to 2) because the normalized CIE LUV space is sparse for the tested
images.® IFGT-MS is faster than DT-MS(Gauss.) but has a slightly higher relative

error. For segmentating images, such a difference can be ignored.

Table 6: Running time (in seconds) and relative error averaged over 3 runs. Top
row: woman.ppm with h, = 0.027, h, = 0.0598. Bottom row: hand.ppm with
hg = 0.0186, h. = 0.0412. € = 0.01, 7 = 0.1 for both images. IFGT-MS: e =4, p = 3.
DT-MS(Epan.) gives the best result in terms of speed and accuracy.

Alg. Time Rel. Err.
naive/DT(Epan.) | 55.07/0.35 0/0
naive/DT(Gauss.) | 194.6/2.08 0/0

IFGT 0.47 0.0093
LSH 0.21 + 266.95 | 0.3154
naive/DT(Epan.) | 308.74/0.92 | 0/0
naive/DT(Gauss.) | 1258.4/5.81 | 0/0

[FGT 1.24 8.245e — 5
LSH 0.52 4+ 621.15 | 0.052501

SIFGT-MS often returns NaN because absolute error pruning creates zeroes in the numerator
and the denominator of m(q;).

116



T(Epan.) IFGT DT(Gauss.)
Figure 33: Size of woman: 116 x 261. Size of hand: 303 x 243.

Experiment 2: The segmentation is obtained by applying k-means to group the con-
verged points. This is potentially a confounding factor, since k-means can compensate
for poorly-converged points. Therefore we synthesized a dataset where k-means can-
not work well, but MS can still find the correct modes. This experiment and the
next one demonstrate MS’s ability in noise reduction of the dataset to help reveal its
intrinsic dimensionality [71]. Testing data containing 6000 2-D points was generated
by adding Gaussian noise to sampled points on two intersected half circles (the blue
dots in Figure 34), viewed as 2 c-shape clusters. Table 7 and Figure 34 again show
that DT-MS(Epan.) achieves the best overall result among speed, accuracy and sta-
bility. IFGT-MS is slightly faster than DT-MS(Epan.) with slightly bigger variations
in different runs. Naive-MS(Gauss.) runs faster than the DT-MS(Gauss.) for this

dataset. This is because when the data points are not well clustered under certain
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Table 7: Running time (in seconds) and relative error of convergence on 2-C-shape
data averaged over 3 runs. h, = 8.856,h, = 4, € = 0.2, 7 = 0.01 for Epanechnikov
kernel and 7 = 0.001 for Gaussian kernel. IFGT-MS: e = 8, p = 30. N is N/A for
LSH-MS because it uses a different loop order from IFGT-MS and DT-MS.

Alg. Time N; Rel. Err.
naive/DT(Epan.) | 38.56/11.89 | 22/22 | 0/1.8e-4
naive/DT(Gauss.) | 190.21/207.6 | 26/26 | 0/1.16e-2
IFGT 10.74 25 0.015
LSH 0.58+279.73 | N/JA | 0.1174

Table 8: Running time (in seconds) and relative error of convergence on noisyswiss-
roll.ds averaged over 3 runs. h, = 4.06, hy, = 1.833, ¢ = 0.02, 7 = 0.1 for Epanechnikov
kernel and 7 = 0.01 for Gaussian kernel. IFGT-MS: e = 9, p = 20. DT-MS(Epan.)
is best in both speed and accuracy.

Alg. Time N; Rel Err.
naive/DT(Epan.) 992.39/148.16 44/44 0/1.5e-4
naive/DT(Gauss.) 4314.85/3116.9 | 51/51 0/0.025
IFGT 240.05 20 0.0573
LSH 3.81+713.58 N/A 0.2137

bandwidth, the pruning does not happen frequently enough to cancel the additional
cost for distance computation per each query/reference node pair.

Experiment 3: Swissroll data with additive Gaussian noise (N(0,4)) (Figure 37).°
N = 20,000, D = 3. Though both the number of points and the dimensionality
are larger, DT-MS(Epan.) still achieves best performance in speed, accuracy and

stability (Table 8 and Figure 35 and Figure 36).

Table 9: Running time (in seconds) and relative error of convergence on high-
dimensional data averaged over 3 runs. h., = 0.49,h, = 0.2212, ¢ = 0.02, 7 = 0.1
for both the Epanechnikov and Gaussian kernels. IFGT-MS: e = 9, p = 7. DT-
MS(Epan.) gives the best result in terms of speed and accuracy.

Alg. Time N; Rel Err.
naive/DT(Epan.) | 3515.74/516.34 | 7/7 0/0
naive/DT(Gauss.) | 24189.8/39680 17/17 0/7.6e-6
IFGT 1260.56 2 0.2539
LSH 390.74-1026.9 N/A 0.4605

Shttp://isomap.stanford.edu/datasets.html
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Experiment 4: High-dimensional data (N = 68,040, D = 16).” The running time
and relative error of convergence are shown in Table 9. DT-MS(Epan.) again achieves
the best performance in both speed and accuracy. We could improve IFGT-MS’s
relative error further by increasing p and e (which will increase the running time),
but the algorithm failed due to memory limit. Even at its current level of accuracy,
IFGT is slower than DT-MS(Epan.). DT-MS(Gauss.) is slower than the naive case
for the same reason as explained in Experiment 2.

Summary of the Experiments. DT-MS with the Epanechnikov and the Gaussian
kernels provides consistent and accurate convergence, and it is faster than naive MS
(by two orders of magnitude in some cases with both kernels). DT-MS(Epan.) returns
almost zero relative error when compared to the naive case. DT-MS(Gauss.) also
returns zero relative error for well-clustered data (Table 6). For less well-clustered
data, DT-MS(Gauss.) returns slightly bigger relative error than DT-MS(Epan.), but
the error is small enough to be safely ignored (Table 8, 9).

DT-MS(Epan.) is always faster than DT-MS(Gauss.) in our datasets, because
the Epanechnikov kernel has finite extent and can be pruned more frequently than
the Gaussian kernel with zero approximation error [78]. The Epanechnikov kernel is
also optimal in the sense of minimizing asymptotic mean integrated squared error, so
it is statistically preferred. For some datasets the relative error for DT-MS(Gauss.)
is bigger than 7 (Table 7, 8). This is because 7 controls the relative error of m(q;) in
one iteration of MS, not in the converged result. Thus, the approximated trajectory
of a point may not match the one computed by the naive method.

DT-MS(Epan.) always dominates IFGT-MS and LSH-MS in speed, accuracy
and stability. In addition, DT-MS(Epan.) requires no parameter tuning. IFGT-
MS can achieve very good speedup and accuracy, if the parameters are set correctly

(Table 7 and Figure 34). LSH-MS with an adequate (K, L) pair is very fast. However,

"http://www.ics.uci.edu/~kdd/databases/CorelFeatures/CorelFeatures.data.html
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training (K, L) takes much time and is dependent on the dataset and the search range
of (K,L). Both IFGT-MS and LSH-MS require trial-and-error, manual tuning of

parameters and also require much more storage than DT-MS.

6.5 Conclusion

This chapter presents a new algorithm DT-MS for accelerating mean shift. It extends
the dual-tree method to the fast approximation of the signed mean vector in MS. Our
experiments have demonstrated its fast, accurate and stable approximation of MS.
Especially with the Epanechnikov kernel, DT-MS scales quite well to larger datasets
with higher dimensions. It has the best performance in terms of speed, accuracy and
stability in comparison to IFGT-MS, LSH-MS and DT-MS(Gauss.). We note that

there is an interesting follow-up work [187].
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DT-MS(Epan.) DT-MS(Gauss.)

Figure 35: Accuracy and stability of convergence: For clarity all the MS results (red)
are imposed on the original swissroll (blue). Stability is illustrated by the converged
queries of 3 runs (indicated by 3 colors). For comparison, the results obtained by the
naive MS are shown in the top row.
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Figure 36: Accuracy and stability of convergence: For clarity all the MS results (red)
are imposed on the original swissroll (blue). Stability is illustrated by the converged
queries of 3 runs (indicated by 3 colors). For comparison, the results obtained by the
naive MS are shown in the top row.
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Figure 37:

Figure 38: For each image segmentation pair, top: DT-MS, bottom: naive-MS.
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CHAPTER VII

BEYOND PAIRWISE INTERACTIONS: FAST
SUMMATION METHODS FOR N-TUPLE CONTINUOUS
FUNCTIONS

In this chapter, we generalize previous algorithmic frameworks for rapidly computing
pair-wise summations to include higher-order summations. Suppose we are given a
set of particles X = {x3,---,xn} in D-dimensional space. We first define the com-

putational problem to be tackled.

Problem: For x € X and a n-tuple function ¢ : IRD X oo X RDJ — R, the probability

n copies
guarantee 0 < o < 1, the relative error level € > 0, and the following form®:

X x - xX)= Y Y D xnoox,)  (T0.0)
(n—1) copies Xip €X\{x} xj53€X\{x} Xip€X<\{x}
12<13 In—1<in

Task: Compute an approximation EIS(X;X X -+ x X) for each x € X such that
—_—

(n—1) copies

[P(x; X X -+ X X) = P(x; X X -+ X X)| < eP(x; X x -+ - x X)) as fast as possible.

—— —— ——

(n—1) copies (n—1) copies (n—1) copies
Sums of the form Equation (7.0.1) occur in molecular dynamics, protein structure pre-
diction, and other similar contexts. Biomolecular simulations usually break down the
interactions in complex chemical systems into balls-and-springs mechanical models
augmented by torsional terms, pairwise point charge electrostatic terms, and simple

pairwise dispersion (van der Waals) interactions, etc. However, such pairwise (n = 2)

In computing ®(x), we fix one of the arguments of ¢ as x and choose a (n — 1)-subset from
X (=1 which does not contain x.
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Figure 39: An example multibody computation (n = 3). For each fixed argument
xi,, P(xj,) equals the summation of the entries ¢(xj,, Xj,, Xi;) in the shaded region
corresponding to x;, .
interactions often fail to capture important, complex non-additive interactions found
in real systems. Though many researchers have argued that multibody potentials en-
able more accurate and realistic molecular modeling, the evaluation of n-body forces
for n > 3 in systems beyond tiny sizes (less than 10,000 particles) has not been
possible due to the unavailability of an efficient way to realize the computation.

In this chapter we focus on computing multibody potentials of the third order
(n = 3), but frame our presentation so that the methods can easily be generalized
to handle higher-order potentials. For concreteness, we consider the Axilrod-Teller
potential (dispersion potential):

1 + 3 cosb; cos 0 cos by,

P(xi, Xj, X ) = | (7.0.2)

i — x5 [P| x5 = X [P — e[
where 6;, 0;, ), are the angles at the vertices of the triangle x;x;xx and || - || is the
Euclidean distance metric. This potential [9] describes induced dipole interactions
between triples of atoms, and is known to be important for the accurate computation

of the physical properties of certain noble gases.
For the first time, we introduce a fast algorithm for efficiently computing multi-

body potentials for a large number of particles. We restrict the class of multibody
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potentials to those that can be factorized as products of functions of pairwise Eu-

clidean distances. That is,
iy, X)) = ] tpaipoxig) = [ dpalllx, —xigl) (7.0.3)
1<p<g<n 1<p<g<n
We extend the analytic series-expansion-based approach in [37, 86, 84] to handle
potential functions that describe n-body interactions with n > 2. Our algorithm can
compute multibody potentials within a user-specified error level.

Our work utilizes and extends a framework for efficient algorithms for so-called
generalized N-Body Problems [78], which introduced multi-tree methods. The frame-
work was originally developed to accelerate common bottleneck statistical computa-
tions based on distances, utilizing multiple kd-trees and other spatial data structures
to reduce computation times both asymptotically and practically by multiple orders of
magnitude. This work extends the framework with higher-order hierarchical series ap-
proximation techniques, demonstrating a fast multipole-type method for higher-order
interactions for the first time, effectively creating a Multibody Multipole Method.

Section 7.2 introduces the generalized N-body framework and describes a partial
extension of fast multipole-type methods to handle higher-order interactions; we will
discuss the technical difficulties for deriving all of the necessary tools for the general
multibody case. As a result, we utilize only a simple but effective approximation
using the center-of-mass approximations. Section 7.3 focuses on three-body interac-
tions, introduces methods to do potential computations under both deterministic and
probabilistic error criteria, and provides a description of the fast algorithm for the
three-body case. Section 7.4 proves that our proposed algorithms can approximate
potentials within user-specified error bounds. Section 7.5 shows experimental scala-
bility results for our proposed algorithms against the naive algorithm, under different

error parameter settings.
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7.1 Related Work

A series of papers first laid the foundations for efficiently computing sums of pairwise
potentials such as Coulombic and Yukawa potentials [37, 86, 84]. The common ap-
proach in these papers is to derive analytical series expansions of the given potential
function in either Cartesian or spherical coordinate systems. The series expansion is
then truncated after taking a fixed number of terms. The associated error bounds are
derived from summing the truncated terms in an appropriate infinite geometric sum
or bounding the remainder term using Taylor’s theorem. A recent line of work on
efficient computation of pairwise function has focused on developing numerical repre-

sentations of the potential matrix [¢(Xm,Xn )] rather than relying on analytical

mn=1
expansion of the potential function. [129] and [99] use singular value decomposition
and the QR decomposition to compute the compressed forms of the potential function
and the three translation operators. [5, 203] take the “pseudo-particle” approach by
placing equivalent artificial charges on the bounding surface of the actual particles by
solving appropriate integral equations. All of these works have been limited to pair-
wise potential functions, and the approach does not naturally suggest a generalization
to n-body potentials with n > 2. To our knowledge, no research has been performed

on the problem of evaluating multibody potentials using a method more sophisticated

than the O(N™) brute-force algorithm with an ad-hoc cut-off distance. [127, 126].

7.2 Generalized N-body Framework

We use a variant of kd-trees [15] to form hierarchical groupings of points based on
their locations using the recursive procedure shown in Algorithm 2.2.1. We note that
the cost of building a kd-tree is negligible compared to the actual multibody potential
computation (see Section 7.5). See Figure 7.

Step 2 in the algorithm listed in the preliminary chapter utilizes the procedure

shown in Algorithm 7.2.1 (called by setting each P; = X for 1 < i < n), a recursive
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Algorithm 7.2.1 MTPOTENTIALCANONICAL({P;} ;)
if CANSUMMARIZE({P;}" ;) (Try approximation.) then
SUMMARIZE({P;}!" ,, €, 7, @)
else
if all of .S; are leaves then
MTPOTENTIALBASE({P;}! ;) (Base case.)
else
Find an internal node Py to split among {P;}7,.
Propagate bounds of Py to Pl and PR
MTPOTENTIALCANONICAL({Py, -+ , Py_1, Pi" Pryq, -, Pp})
MTPOTENTIALCANONICAL({P1, -+ ,Py_1, Pi Py, - -+, Pu})
Refine summary statistics based on the two recursive calls.

function that allows us to consider the n-tuples formed by choosing each x; from Pj; we
can gain efficiency over the naive enumeration of the n-tuples by using the bounding
box and the moment information stored in each P;. One such information is the
distance bound computed using the bounding box (see Figure 10). CANSUMMARIZE
function first eliminates redundant recursive calls for the list of node tuples that
satisfy the following condition: if there exists a pair of nodes P; and P; (i < j)
among the node list Pq,--- , Py, such that the maximum depth-first rank of P; is
less than the minimum depth-first rank of P;. In this case, the function returns true.
See Figure 7 and [132]. In addition, if any one of the nodes in the list includes one of
the other nodes (i.e. there exists nodes P; and P; such that the minimum depth-first
rank of P; < the minimum depth-first rank of P; < the maximum depth-first rank
of P; < the maximum depth-first rank of P;), CANSUMMARIZE returns false. We do
this because it is a bit tricky to count the number of tuples for each point in this case

(see Figure 40).

Otherwise, CANSUMMARIZE function tests whether each potential sum for x €
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S3 S3
(c) (d)

Figure 40: For n = 3, four canonical cases of the three “valid” (i.e. the particle
indices in each node are in increasing depth-first order) node tuples encountered
during the algorithm: (a) All three nodes are equal; (b) S; and Ss are equal, and Sj
comes later in the depth-first order; (¢) Sy and Ss are equal and come later in the
depth-first order; (d) All three nodes are different.

U Pm can be approximated within the error tolerance determined by the algo-
1<m<n
rithm. For example, if n = 4, we test for each x; € Py, x5 € P3, x3 € P3, x4 € Py,

(I)(Xl;Pz X P3 X P4) = Z Z Z ¢(x1,x127xi3,xi4)

xi2 EPg\{xl} xi3 €P3\{X1} xi4 €P4\{X1}
19<13 13<i4

O(x2;P1 x Py xPy)= ) > > p(xaxiy,Xiy, Xi,)
Xiq eP1\{x2} Xi3€P3\{X2} Xi4€P4\{X2}
11 <13 13<14

O(xg; Py x Py x Py) = > > > d(xs, Xy, Xiy, Xi,)

xi; €EP1\{x3} x;,€P2\{x3} x;,€Pa\{x3}
11 <i9 120 <04

®(x4;P1 x P2 x P3) = E E E P(X4, X1, , Xiy, Xig)
Xiq EP]_\{X4} Xi2€P2\{X4} Xi3€P3\{x4}
11 <i2 12<13

can be approximated. If the approximation is not possible, then the algorithm con-

tinues to consider the data at a finer granularity; it chooses an internal node Py
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(typically the one with the largest diameter) to split among {P;}" ;. Before recurs-
ing to two sub-calls in Line 9 and Line 10 of Algorithm 7.2.1, the algorithm can
optionally push quantities from a node that is being split to its child nodes (Line
8). After returning from the recursive calls, the node that was just split can refine
summary statistics based on the results accumulated on its child nodes. The details
of these operations are available in earlier papers [78, 82, 80, 77, 115].

The basic idea is to terminate the recursion as soon as possible, i.e. by consid-
ering a tuple of large subsets and avoiding the number of exhaustive leaf-leaf-leaf
computations. We note that the CANSUMMARIZE and SUMMARIZE functions effec-
tively replace unwieldy interaction lists used in FMM algorithms. Interaction lists in
n-tuple interaction, if naively enumerated, can be large depending on the potential
function ¢ and the dimensionality D of the problem, whereas the generalized N-body

approach can handle a wide spectrum of problems without this drawback.
7.2.1 Algorithm for Pairwise Potentials (n = 2)

The general algorithmic strategy for pairwise potentials ¢(-, -) is described in [78, 82,
80, 77], and consists of the following three main phases. Suppose we are given a set
of “source” points (denoted as reference points) and a set of “target” points (denoted

as query points).

1. Bottom-up phase: Compute far-field moments of order p in every leaf node
of the reference tree. The resulting far-field expansion of each reference node
P, is given by:

. o (_1)a L a a o
(I)(Xa P2) - Z Z (Xlz CP2) D ¢(X CPz)
a>0 xizepz

=D Ma(P2,cp,) D¥(x — cp,) (7.2.1)

a>0
®(x; P2) reads as “the potential sum on z due to the contribution of P2” and

My (P2, cp,) as “the a-th far-field coefficient of Pa centered at cp,.” Because it
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is impossible to store an infinite number of far-field moments M, (P2, cp,), we
truncate the Taylor expansion up to the order p (determined either arbitrarily
or by an appropriate error criterion):

O(x;Pa;Fep,,p) = > Ma(P2,cp,)DYG(x — cp,) (7.2.2)
lee|<p

such that |®(x;P2) — O(x; Pz)‘ is sufficiently small. ®(x; Pa;F(cp,,p)) reads
as “the approximated potential sum on x due to the points owned by Ps using

up to the p-th order far-field expansion of P, centered at cp,.”

For internal reference nodes, perform the far-to-far (F2F) translation to convert
the far-field moments owned by the child nodes to form the far-field moments
for their common parent node P5. For example, the far-field moments of Pf
centered at cpr is shifted to cp, by:
B(x: P2Li Flepy, ) = 3 My (Po cp,)(—1)TD(x — cpy) (7.2.3)
Y<p

where
Ma(PgL, CP2L)(CP2L - sz)ﬂy_a

(v — a)!

M,(P2",cp,) = ) (7.2.4)

asy
Note that there is no error incurred in each F2F translation, i.e. ®(x; P*; F(cp,r,p)) =
CE(X; P,"; F(cp,,p)) for any query point y from the intersection of the domains
of z for ®(x; Po%; F(cp,z,p)) and & (x; Py F(cp,, p)); the domain for which the
far-field expansion remains valid depends on the error bound criterion for each

potential. The far-field moments of the parent node P5 is the sum of the trans-

Ma(P2chP2L )(ep,L—Cpy) T

lated moments of its child nodes: M, (P2, cp,) = >, C

asy

+

Mo (P2 cp_r)(cp,r—cpy)? >

(y—o)!

. Approximation phase: For a given pair of the query and the reference nodes,
determine the order of approximation and either (1) translate the far-field mo-

ments of the reference node to the local moments of the query node (2) or
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recurse to their subsets, if the F2L translation is more costly than the direct

exhaustive method.

Let us re-write the exact contribution of Py to a point x € Py:

1
(I)(X; P2) = Z @ Z MG(P27 CP2)Da+B¢(CP1 - ch)(X - cPl)ﬁ
B>0""a>0

:Z Z ﬂl!D'B(ﬁ(Cpl—Xiz) (X—Cpl)B:ZN@(P2,CP1)(X—CP1)ﬂ

B>0 | xiy€P2 50
(7.2.5)
where Ng(P,cp,) reads as “the exact local moments ? contributed by the
points in Py centered at cp,.” Truncating Equation (7.2.5) at |3| < p’ for some
p' < p yields a direct local accumulation of order p.
From the bottom-up phase, we know that || < p. Similarly, we can store only
a finite number of local moments up to the order p’ < p and thus |3] < p'. We

get the local expansion for P; formed due to translated far-field moments of

PQZ
= S 1
®(x;P2; N(cp,,p')) = Z 3 Z Ma(Pa, cp,) D*Bé1 5(cp, — cp,) | (x — cp, )P
1BI<p’ |7 |al<p
= Y Ns(P2,cp,)(x—cp,)” (7.2.6)

18I1<p’
where Ng(P2, cp, ) reads as “approximation to the exact local moments Ns(P3,cp,)”
and &)(x, P,; N(cPl,p’)) as “the approximated potential sum on x due to the
points in P, using up to the p-th order inexact local moments centered at

cp,”. The F2L translation is applied only if |®(z;P2; N(cp,,p')) — ®(x;P2)

is sufficiently small.

3. Top-down phase: Propagate the local moments of each query node (i.e.

pruned quantities) to its child nodes using the local-to-local (L2L) operator.

2We use N to denote the local moments because a “near-field” expansion is another widely used
term for a local expansion. It avoids the potential notational confusion in the later parts of the

paper.
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Suppose we have the following local expansion for x € Py:

O (x; F2L(P1)UDL(P1); N(cp,,pp,)) = Y Na(F2L(P1)UDL(P1),cp,)(xi, —cp,)*
la|<pp,

where pj is the maximum approximation order among (1) the F2L translations

performed for Py and all of the ancestor nodes of Py (denoted by F2L(P4));

and (2) the direct local accumulations of P; and those passed down from all of

the ancestors of Py (denoted by DL(Py)). Shifting the expansion to another

center cp, € Py is given by:

B(x; F2L(P1) U DL(Py): N(ch, . ps. ) (7.2.7)
= 5 | (9) Ratrenpa) U DL ek, - cm )P | (x b,
lo|<pp, [B>e
S Na(F2L(P1) U DL(P1),cp, )(x — ¢, )° (7.2.8)
lee|<pp,

This shifted moments are added to the local moments of each child of Py, in
effect transmitting the pruned contributions downward. At each query leaf, we

evaluate the resulting local expansion at each query point.

7.2.2 Far-field Expansion for Three-body Potentials (n = 3)

In this section, we define far-field expansions for a three-body potential that is a

product of functions of pairwise distances (see Equation (1.1.1)):

H(Xiy, Xigs Xig) = P1,2(Xiy, Xiy) - 01,3(Xip, Xig) - 92,3(Xigs Xig) (7.2.9)

We define the far-field moments of a node the same way defined for the pairwise
potential case. Suppose we are given three nodes Py # Py # Pj3 from the tree. The
following (n — 1)-nested sum expresses the contribution for x € Py due to the other

nodes P, and Paj:

O(x; P2 x P3) = Z Z (X, Xiy, Xig ) (7.2.10)

Xio cPo X,’3 cPs3

134



// P2 \\
// A
’ \
’ \
4 \
7 \
L7 \
, \
4 \
7 \
~ <
.7 o _ _ .
P -
e%X -~ -f--mmmm o }(‘:———Q
X "/’ CP3 \\‘
P] P3

Figure 41: A far-field expansion at x;, created by the moments of Ps and P3. Note
the double-arrow between the nodes P5 and P3 corresponding to the basis functions
D127 13¢, 5(cp, — Cpg) (see Equation 7.2.11).

The basic goal here is to decompose Equation (7.2.10) into sums of products of the
far-field moments of each node. A far-field expansion for x;, € Py induced by the

far-field moments of Py and Pj is given by (see Figure 41):

<I>(X; P2 X P3)

1,2

-3 3 3 e

D2 = 9P (p)ena piagy o(x  ep,)
Xig €P2 X3 €P3 1,220

. ai3
Z (X13 CP'3) (_1)041,3Da1,3¢1’3(x - CP3)
ai1,320 L3’
(Xiz - CP2)'32’3 (Xis - CP3)a2'37ﬂ2’3 a2 3—0B23 2.3
>y N (as — Boa)l (=1)F237 P23 D236 3(cp, — Cpy)

2320 B2 352 3
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By setting a = a1 2 + o3 + a3 and pushing the summations over x;, € Py and

Xi; € Pg inside, we get:

O(x;Py xPg) =D > 3 (0‘1,20:252,3> (a —agg — /@2,3>

a3
a>0arp<a oy z<a—aiz B23la—al 2—a13

Ma1,2+,32,3 (P27 Ccp, )Ma*a1,2*ﬁ2,3 (P37 Cps ) (_1)B2’3

D2y 9(xiy — €py) D* 1 3(xi; — €pg ) DY 2T gg 3(cp, — Cpy)

(7.2.11)
Truncating a at p-th order yields:
(f)(x; P2 x P3;F(cp, X cpg,p))
_ Z Z Z Z <a1,2 + ,32,3> (a —ayp — ﬁ2,3)
lal<pars<aarsfa—alz frs<a-aro—ars © 2 x3
Moy 31625 (P2,€P2) Ma—ai 5855 (P3, cpy ) (—1)72
D2y 5(xi5, — €p,) D21 3(xi, — cpy) D127 3¢y 3(cp, — Cpy) (7.2.12)

where ®(x; Py x P3; F(cp, X cp,, p)) reads as “the p-th order far-field expansion at =
due to the moments of P, centered at cp, and the moments of P3 centered at cp,.”
Computational Cost of Evaluating the Far-field Expansion. The first three
summations over «, a2, o3 collectively contribute O(p?) terms, and the inner
summation contributing at most O(p?®) terms. Thus, evaluating the p-th order far-

field expansion for a three-body potential on a single point takes O (p°) time.
7.2.3 Far-field Expansion for General Multibody Potentials (n > 2)

For a general multibody potential that can be expressed as products of pairwise
functions (see Equation (7.0.3)), the far-field expansion induced by the points in

Py,- - ,P, for x € Py is:
O(x; P2 x -+ x Py)

_ H Z Z (Xik - cPk)aLk (—l)alkaal’k(bLk(X — Cpk)

al’k!
2<k<n XikEPk Oél’kZO

. ,Bs,t . as,t_ﬁs,t
H Z Z (xi, — cp,)”** (z;, — cpy) (—1)t Bt DYty (cp. — cp,)

| _ |
2<s<t<n 0ts 1 >0 Bt <orat Byt (Qst = Bsp)!
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Focus on grouping and multiplying monomial powers of (x;, —cp, ) for each 2 < k < n:

k—1 n
al,k+ 22(au,k_ﬁu,k)+ Z ﬁk‘,v
u=

(Xik — CPy .
k—1 n
ap! ] (ewr = Bur)! TI Bro!
u=2 v=k+1
k—1 n £
Let & = anp + Y (@ur — Bur) + 2 PBrw and by = P N 5 :
u=2 v=k+1 Otl,k! H(au,k*,@u,k)! IT 519,1;!
u=2 v=k+1

Then,

O(x;Pg x -+ x Pp)

- H H Z Z Z b, Mﬁk (Pk’ CPk) (*1>ﬁs’t Dal’k¢1,k(x - CPk)DaS’th)s’t(Cps — Cpt)

2<s<t<n 2<k<n 01, >0 05,1 >0 By ¢ <xs 1

(7.2.13)

Equation (7.2.13) is a convolution of far-field moments of Py, --- | P,. We can trun-

cate the expansion above for terms for |a] =| Y. a5 > p for some p > 0. Note
1<r<s<n

that Equation (7.2.13) includes the n = 2 and n = 3 cases.

®(x; Py x -+ x Py F(ep, X -+ X ¢p,,,p))

= 10 II >. >. >. D b Mg (Pr,cp,) (1)

2<s<t<n 2<k<n |a|<p a1,k 20 05t 20 Bs, 1 <as ¢

Dk gy k(x — cp, ) D' ¢ t(cp, — cp,) (7.2.14)

Computational Cost of Evaluating the Far-field Expansion. The summations
over a5 for 1 < r < s < n collectively contribute O(p?) terms, and each inner
summation over B, contributing at most O(p?®) terms. Thus, evaluating the p-th
order far-field expansion for a general multibody potential of the form Equation (7.0.3)
on a single point takes O (p3((n51)+1)> time. In practice, we are forced to use p =0

for n > 2 unless most ¢, 4(xi,, X;,)’s in Equation (7.0.3) are constant functions.
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Figure 42: A local expansion created inside the node P at x by directly accumulating
each point in Py and P3 (see Equation (7.2.15)). We are not aware of a technique to
express an interaction between a particle in Py and a particle in P (marked by the
? symbol) for p > 0.

7.2.4 Local Expansion for Three-body Potentials (n = 3)

Unlike the far-field expansion case, we are presented a fundamental difficulty. In
order to derive a local expansion, we need to express the influence of each non-
evaluation point x;; on the evaluation point x at a center near x. However, breaking
up the interaction among the non-evaluation points (i.e. xj,’s in the arguments of
o(X,Xiy,*+ , Xi,_,)) without loss of information is hard. To see this: take a three-body
potential expressible in products of pairwise functions (see Figure 42). Expanding

near cp, inside the node P, yields an expansion valid for x € Pj:

(I)<X; P x P3)

D121 5(cp, — Xiy) o D3¢y 3(cp, — Xig)
- Z Z Z o, 3 22 (x — cp, )12 Z - 2 (x —cp,)

2: a3

Xi26P2 Xi3€P3 a1,2>0 a1,3>0

T D23 ¢y 3(cp, — Xig)

!

a2 3: (Xi2 B Cpl)a2’3

a23>0
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Again, let o = oy 5 + oy 3 + o 3. Switching the orders of summations results:

P(x;PyxPg) =) > > DRE012(0, = %) (e, yous

(8 5] 2!
a>0 ai2<a arz<a—oal2 | Xi,€P2 ’

$ D3¢y 5(cpy — Xig) D¥3 9 3(cp, — Xig)

ol 2ta
‘ ' (X _ CP1) 1,2 1,3
aq 3! a2 3:

Xig €P3

= Z Z Z NQ(P2, CP]_) ]ifa(Pg7 CPl) (X — Cp1>a172+0‘1y3

a>0 |a1g2<a arz<a—ailz

(7.2.15)
We need the exponent of (x —cp, ) to match a to be able to define the local moments
inside Py. Unless oy 3 = 0 (i.e. ignore the interaction between a particle in the second
set and a particle in the third set), this is not possible. Since we encounter a similar

problem in the general case, we will skip its discussion.

7.3 Simpler Algorithm for General Multibody Potentials

Instead of trying to derive the full-fledged tools for general multibody potentials, we
focus on deriving something simpler. Let us focus on the n = 3 case. For a given

set of three pairwise disjoint nodes: Py, Pa, P3 and a monotonically decreasing?

1

three-body potentials such as ¢(x1,X2,X3) = T

VXi € P17¢(Xi;P2 X P3) = |P2||P3|¢(CP17CP27CP3)

Vxj € P2,®(xj; Py x P3) = [P1]|Ps|é(cp, , cp,, cp,)

\V/Xk S P37q)(xk;P1 X P2) - |P1HP2|¢(CP17CP27CP3)

which can be obtained by setting p = 0 in Equation (7.2.12). This means that we can
get a cheaper approximation using the number of points owned by each node. Using

the pairwise minimum and maximum node distances yields:

¢(du(P1> P2)7 du(Plv P3)7 du(P2a P3)) < ¢(CP1 ) CP27CP3) < ¢<dl(P17 P2)7 dl(Pla P3)a dl(P27 P3>)

3“Monotonic” multibody potentials decrease in value if one of the Euclidean distance arguments
is increased while the other two are held constant.
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It is straightforward to generalize this for the n > 2 case.
Non-monotonic Potentials: For non-monotonic potentials such as the Lennard-

a_

Jones potential ¢(x1,X2) = -z — T%, we can compute the critical points of ¢ and
determine the intervals of monotonicity of ¢ and consider how ¢ behaves in the
distance bound range between d'(Py, P3) and d“(Py, P3). We take a simpler approach
that results in an algorithm that is easier to code; we break up the potential into two
parts such that ¢(xq,Xa, -+ ,Xn) = 07 (X1,X2, -+ ,Xn) — ¢~ (X1, X2, ,Xp), and get

a lower and upper bound (though a looser bound) on the contributions from the

positive potential ¢ and negative potential ¢ .
7.3.1 Specifying the Approximation Rules

The overall algorithm which also subsumes the pairwise potential case (n = 2) was
shown in Algorithm 7.2.1. We can now specify the CANSUMMARIZE function for the
general multibody case. For guaranteeing 7 absolute error bound criterion (Defini-

tion 2.4.1), the CANSUMMARIZE function returns true if:

T
Troot

|¢(d"(P1,P2), -+ ,d"(Pn_1,Py)) — ¢(d'(P1,P3),- -+ ,d'(Pn_y,Pp))| <

where T7%% = (]Z:II) (i.e. the total number of tuples in each slice in Figure 39). Let
us also define 7} to be the number of tuples containing a fixed particle in P; (see
Figure 40). For example, for n = 3, the corresponding SUMMARIZE function would
accumulate for each node:

for Py: |P2||Ps|o(cp,, Cp,, Cpy), for Pa: |P1||Ps|é(cp,, cp,, Cpsy), and for Pg:
|P1[[P2|¢(cp,, cp,, cpy).

Hybrid Absolute/Relative Error Guarantee. The algorithm for guaranteeing
the hybrid absolute/relative error bound (Definition 2.4.2) deterministically (a = 0)
is not so much different from that for guaranteeing the absolute error bound. In

each node P, we maintain the lower bound on the accumulated potentials for the

particles in P (denoted as ®!(P), a summary statistic stored in P). The function
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Figure 43: Three-body multipole methods for p = 0 in a nutshell.

CANSUMMARIZE returns true if,

|p(d“(P1,P2), -+ ,d"(Pu_1,Py)) — ¢(d'(P1,P2), -+ ,d'(Pn_1,Ppn))|
e min (®(P;) +6/(P;; Py x -+« x Pyy x Piyg X -+« x Pp)) + 7

1<i<n

- Troot

(7.3.1)

where each 0'(Pj; Pyx- - - XP;_ 1 XPi g X+ - - xPy) = ];[ IP;|o(d"(P1,P2), - ,d"(Pn_1,Pn))
1<j<i—1
i+i<j<n
(which is computed just using the contribution of the other nodes on the i-th node) is
added to the currently running lower bound on each node ®!(P;) to reflect the most
recently available information on the lower bound. ®!(P;) can be incremented and
tightened as the computation progresses, either in the base case or when the recursive
sub-calls in Algorithm 7.2.1 are completed (Line 11).
Monte Carlo-based Approximations. The error bounds provided by the bound-
ing boxes (see Figure 10) assume that all pairs of points selected between the two
nodes are collapsed to two positions that achieve the minimum distance (and vice

versa for the maximum distance); therefore, these bounds are very pessimistic and

loose. Here we introduce a method for approximating the potential sums with a
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Algorithm 7.3.1 CANSUMMARIZE({P;}!,): the Monte Carlo-based approximation.

if C M limit S min{Tl, TQ,Tg} then

for each P; € {P;}!", do

if i ==1or P; # P;_; then
for x; € P; do
if CANSUMMARIZEM CPOINT(x;,, {P;},) == false then
return false

return true
else

return false

probabilistic bound satisfying Definition 2.4.3. We can trade determinism for further
gain in efficiency. We have an additional parameter « that controls the probability
level at which the deviation between each approximation and its corresponding exact
values holds. This was introduced first in [96, 95] for probabilistic approximations
of aggregate sums and later extended in [113] to handle per-particle quantities. The
theorem that we rely on for probabilistic approximation is the following;:

For three-body potentials, suppose we are given the set of three nodes, Py, Pa,
and P3. Let us consider x € Py (similar approximations can be made for each point

in Py and Pj3), and the contribution of Py and Pj to its potential sum:
O(x; P2 x P3) = Z Z ¢ (X, Xiy, Xig )
xi2€X\{x} xi3§X\{x}
12<13
We can sample m potential values ¢(xX;,,Xi,, Xi;) from the empirical distribution
F' formed by the 3-tuples formed among Sy, S5, and S; that contain x in the list.
From the m samples, we get the empirical distribution F}7, from which we form an

approximate (T)(x; Py x P3):

~ N ~ T} —
®(x; P2 x Pg; Fo) = Tifips = — > o(xis, xig, Xig)
s=1

where X = X for all 1 < s < m. For sufficiently large values of m, we can assume
that the discrepancy provided by the Berry-Esseen theorem is small and concentrate
on the sample variance of the sample mean distribution. The sample variance of the

sample mean distribution ?quxi is given by:
m
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Algorithm 7.3.2 CANSUMMARIZEM CPOINT(x,,{S;}!";): Pruning function for
the Monte Carlo based approximation per each point.

F*« 0

repeat
Get a random n-tuple (x1,- - ,Xi_1,X, Xit1, - ,Xn) Where x; € S;
F* — F*U{o(x5, - , X1, X, Xj+1, "+ sXn) }

until (zo/20,,. < 75 and [FX] > 30) or [FX| > mima
return 2,/20,,« < 7

- EF;i 1 1 n - 9
U“F:,(Li = \/m = \/m m— 1 Z((ﬁ(xisl’xi;uxig) - :U’F:ll)

where ¢ is the sample variance. Given m i.i.d. samples, with probability of at least

(1 —Oé),

s=1

“T’(X; P2 x P3; FjJ) — (x; P2 X Ps)‘ < Tiza/20u x

where z,/5 is the number of standard deviations on either side of ﬁF: to give at least
(1 — ) coverage under the normal distribution.

Modifications to the algorithm. A Monte Carlo sampling based routine is shown
in Algorithm 7.3.1. The function CANSUMMARIZE determines whether performing
Monte Carlo approximations (which involves iterating over each unique point x €
Lnj P;) with at least my,;; samples is computationally cheaper than the brute-force
z::olmputation. ( is a global variable that dictates the desired amount of speedup needed
for applying Monte Carlo approximations, rather than recursing to smaller subsets of
the three nodes. If a desired speedup could be achieved, it loops for each unique point
inx € Lnj P; and computes the sample mean of the potential values of the tuples that
contairi:;, and the corresponding variance of the sample mean until (1) the desired
error is achieved; or (2) exceeds the number of trial samples M. Algorithm 7.3.1 is
the form used for bounding the absolute error of each potential sum error by 7 with
at least probability of (1 — «). For bounding the hybrid absolute/relative error with

at least probability of (1 —«) (Definition 2.4.3), we replace the termination condition
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Algorithm 7.3.3 SUMMARIZEMC({S;}}_ 1, {T;},, 5): Monte Carlo based approxi-
mation.
for each S; € {S;}, do
if i==1o0rS; #S; 1 then
for x; € S; do
D(x;) = P(xi) + T - fuss, PH(xi) = D(xi) + T - (firsi — 25/20 1, )

in the loop: zq/20,,x < 7 With:

e(PH(P;) + Ti(fipxi — Zay20pu, ) + 715
Troot

T, 2900, < (7.3.2)

7.4 Correctness of the Algorithm

The correctness of our algorithm for the deterministic hybrid absolute/relative error

criterion is given by:

Theorem 7.4.1. Algorithm 7.2.1 with the function CANSUMMARIZE with the relative
error bound guarantee (Equation 7.3.1) produces approzimation &)(xil) forx;, € X

such that
1D(x;,) — P(xy, )| < eP(xy,) + 7 (7.4.1)

Proof. (By mathematical induction) For simplicity, let us focus on n = 3. We induct
on the number of points |P; U Py U P3| encountered during the recursion of the
algorithm.

Base case: There are two parts to this part of the proof.

e Line 1 of the function MTPOTENTIALCANONICAL in Algorithm 7.2.1: any

set of nodes Py, Py, P3 for which the function CANSUMMARIZE returns true

144



satisfies the error bounds for x;, € P, for u = 1,2, 3:

VXil c Pl,

(T)<Xi1;P2 X Pg) — q)(Xil;PQ X P3)‘

<Txiu xXPaxPs3 Txiu xPaxP3
- T root T root

&(xi,: Py x P3) — B(xi,; Py % P3)‘

(c@'(P1)+7) < (e (xi,) + 7)

VXi2 € Py,

<Txiu ><P2 ><P3 TxiuXP2 ><P3
- Tmot Tmot

&)<Xi3;P1 X P2) — (I)(Xi3;P1 X P2)‘

(e<1>l (P2) + T) < (ed(xi,) +7)

VXi3 € Pg,

Txiu xXPa2xP3

Troot

< Txiu xPa2xP3

= Troot (G(I)Z(P?)) + T> <

(e®(xi5) + 7) (7.4.2)

where T, «p,xp; denotes the number of tuples chosen by fixing x;, and select-

ing the other two from Py and P3 and so on.

e The function call MTPOTENTIALBASE in Algorithm 7.2.1: each x;, € Py and
xi, € P2 and x;, € P3 exchange contributions exactly and incur no approxi-

mation error.

Inductive step: Suppose we are given the set of three nodes Py, Ps, and P3 (at
least one of which is an internal node) in the function MTPOTENTIALCANONICAL.
Suppose the three tuples Py, Py, P3 could not be pruned, and that we need to recurse
on each child of Py, P2, and P3.

By assumption, CANSUMMARIZE returns false if any one of the nodes P, Ps,
P35 includes one of the other nodes (see Section 7.2). For n = 3, we can assume
that the possible node tuple cases that could be considered for pruning are shown in
Figure 40. Let {{PX}3_,}!_, be the set of set of three nodes considered during the
recursive sub-computations using the child nodes of each Py, P53, and Pj3; note that
the maximum value of ¢ is 8 for three-body interactions. Note that for each k, Pk
is either (1) the node Py itself (2) the left child node of Py (3) the right child node
of Ps. Therefore, for each k = 1,2,--- ¢, [PYUPYX UPY| < |P; UP, UP3|. The
equality holds when all of Py, P5, and Pj3 are leaf nodes for which the error criterion

is satisfied by the base case function (no error incurred).
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If any one of Py, Py, and Pj3 is an internal node, then we are guaranteed that
PxUPkUPY < |PLUPyUPg| for all k = 1,---,¢. We invoke the inductive

hypothesis to conclude that for each k and for each x;, € PX for u =1,2,3:

Vxi, € Plf,

B (x;,; P x PX) — &(xy,; P x P‘;)(
Txil xPXxPX TXil xPXxP¥
- Troot Tmot
Vxi, € PX, |B(xi,: PX x PX) — @ (x;,; PX x P‘g)(

(co'(Ph) +7) < (ed(xi,) +7)

Txiz xPXxPX Txi2 xPkx Pk

- Troot Troot
Vxi, € PK, |B(xi,: PX x PY) — @ (x;,; PX x P‘g)(

(efbl(Plz() + T) < (eP(xiy) +7)

Txi3 xPkxPk

- Troot

Txi3 xPkxPk

<e<I>l(P1§) + 7') < oot

(€®(xig) +7)

where T% is the number of 3-tuples formed among PF, PF, Py that contain a fixed
point in P*. By the triangle inequality, Equation 7.4.1 holds by extending to Py =
P, = P3 = X since the number of encountered tuples for each particle add up to

Troot' ]
We are now ready to prove the correctness of our algorithm for bounding the
relative error probabilistically.

Theorem 7.4.2. Algorithm 7.2.1 with the function CANSUMMARIZE with the mod-
ification described in Equation 7.3.2 produces approrimations cI)(xi) for x; € X such

that
1D(x;) — B(x1)] < eB(x3) + 7 (7.4.3)

with the probability of at least 1 — a for 0 < a < 1, as the number of samples in the

Monte Carlo approzimation tends to infinity.

Proof. We extend the proof in Theorem 7.4.1. For simplicity, we again focus on the

n = 3 case.

146



Base case: Given the set of three nodes with the desired failure probability «, the
base case MTPOTENTIALBASE is easily shown to satisfy Equation 7.4.2 with 100 %
probability ( > 1 — «). Similarly, each Monte Carlo prune satisfies Equation 7.4.2
with probability of 1 — a asymptotically.

Inductive case: For a non-prunable set of three nodes {Py}7_, for the required
failure probability 8. Note that MTPOTENTIALCANONICAL results in a maximum
of four (i.e. 237! = 4) sub-calls for a set of non-prunable Py, Py, P3 nodes. For
example, suppose P; is an internal node, and consider its left child, P;%. The contri-
bution of Py and P35 on P1% can be computed by considering the node combinations:
(P15, Pyl Psh), (PLE, PR P, (P1E, PR Psl), (P15, Py, P3®), resulting in a
maximum of four combinations if Py, Pa, P35 satisfy the case 40(a) in Figure 40. Each
recursive sub-call is equivalent to a stratum in a stratified sampling, and satisfies the

following;:

[B(x1,5 P2 x Poh) = @(x1,; Pa" x Pgh)| < W@l(PIL) 4 TTXiu;foz;xpsL
[B(x1,; P2" x Py™) - @(x;, P2" x Py™)| < ET’“UXTIZ;ZXP‘“’R (P L) + TTXiu;f;’:xpsL
(1, P2" x Pyt) — B(x;,: 2" x Pyb)| < ET’“H;‘:;O]:XP* P!(PyL) + TTXiu;f;ofxpsR
[B(x1, 2" x Py) = @(x;,i P x Py < ETxi“XTlif;XPsR o' (Py ") + TTXi";ffo}:XPE‘R

Collectively, the results from these strata add up to potential estimates that satisfy
the error bound with at least 1 — a probability for each x;, € P,1 and the following

holds:

=~ ETxiu xPaxPg

TTi P P
®(x1,; P2 % Pg) — (s, Py x Pg)| < — 07 ) 4 XiuxPaxPs

(I)I(Xiu Troot

Where TxiuXP2><P3 = TxiuXP2L><P3L + TxiuXP2L><P3R' + TxiuXPQRXP3L + TXiuXPQRXP,gR'
The similar bounds hold for each z € P1%#, and the same reasoning can be extended
to the bounds for Py and Pg. Because ®'(P;) = min{®'(P;%), ®'(P1%)} throughout

the execution of the algorithm, we can extend the argument to the case where P; =

P, =P3;=X. O
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Tree building vs multibody computation on points distributed in an annulus
Elapsed time in seconds
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Figure 44: Building the kd-tree takes negligible amount of time compared to the
time it takes for the actual multibody computation.

7.5 Ezxperiment Results

All of our algorithms were based on an open-source C++ library called MLPACK [24,
53]. The experiments were performed on a desktop with AMD Phenom II X6 1100T

Processors utilizing only one core with 8 GB of RAM.
7.5.1 Tree Building

The cost of tree-building is negligible compared to the actual multibody computation.
Compared to complex, irregular memory access patterns encountered in the multi-
body computation (as do most recursive algorithms in general), the tree-building
phase requires mostly sequential scanning of contiguous blocks of memory and thus
requires shorter amount of time. See Figure 44, where the tree building is compared
to the multibody computation with the relative error criterion ¢ = 0.1 and the 50 %
probability guarantee (o« = 0.5). The annulus distribution was chosen deliberately
to show that even under the distribution for which the multibody computation is

relatively fast (see Section 7.5.2), the tree building requires a tiny fraction of time
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Speedup over naive on uniformly distributed points (a=0)
Speedup factor

Number of points

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

|r\ €=0.001 7 €=0.01 [ 5:0.1|

Figure 45: Speedup result on uniformly distributed points using the deterministic
algorithm (o = 0). The base timings for the naive algorithm on each point set are:
1.91 x 10! seconds, 1.54 x 10? seconds, 5.17 x 10? seconds, 1.23 x 103 seconds, 2.39 x 103
seconds, 4.16 x 103 seconds, 6.64 x 103 seconds, 9.76 x 103 seconds, 1.43 x 10* seconds,
and 1.92 x 10* seconds.

compared to the computation time.
7.5.2 Multibody Computation

We demonstrate speedup results of our approximate algorithms guaranteeing the
(1 — «) probabilistic € relative error criterion (Definition 2.4.3). For this paper, we
focus strictly on the relative error criterion (7 = 0) and test on three relative error
parameter values ( € = 0.001, e = 0.01, and € = 0.1). We test on three different types
of distribution: uniform within the unit hypercube [0, 1] (denoted as the “uniform”
distribution), the annulus distribution (denoted as the “annulus” distribution) in
three dimensions, and uniform within the unit three-dimensional sphere (denoted as
the “ball” distribution). These three distributions were also used in [17]).

Deterministic Approximations. Figure 45, Figure 47, and Figure 46 show speedup
results against the naive algorithm using only the deterministic approximation (i.e.

a =0). On the uniform distribution and the ball distribution, the speedup is almost
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Speedup over naive on points distributed on a ball (@=0)
Speedup factor

Number of points

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

|r\ €=0.001 7 €=0.01 [ 5:0.1|

Figure 46: Speedup result on points distributed inside a sphere using the deter-
ministic algorithm (o = 0). The base timings for the naive algorithms are listed in
Figure 45.

non-existent; the speedup factor is a little bit more than two on the dataset containing
10, 000 points using the lowest parameter setting of ¢ = 0.1. On the annulus distribu-
tion, our deterministic algorithm achieves a little bit better speedup against the naive
algorithm; a factor of more than 20 times speedup on 10, 000 points is encountered on
€ = 0.1. A tree-based hierarchical method generally works better for clustered point
sets, and this is reflected in our results.

Monte-Carlo Approximations. In this section, we show whether adding indeter-
minism by sampling can reduce the computation time while guaranteeing a slightly
relaxed error criterion (but with a high probability guarantee for each potential sum).
We first relax the probability guarantee to be 90% (i.e. a = 0.1). Like the results
shown using the deterministic algorithm, our Monte Carlo-based algorithm achieves
the most speedup on points distributed in an annulus (1000 times speedup on 10, 000
points using € = 0.1).

We also list the percentage of the points actually achieving the e relative error
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Speedup over naive on points distributed in an annulus (@=0)
Speedup factor

Number of points

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

|m €=0.001 [ €=0.01 [ e:O.ll

Figure 47: Speedup result on points distributed on an annulus using the deterministic
algorithm (o = 0). The base timings for the naive algorithms are listed in Figure 45.

Speedup over naive on uniformly distributed points (@ =0.1)
Speedup factor

T Number of points

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

|m €=0.001 [ €=0.01 [ e:0.1|

Figure 48: Speedup result on uniformly distributed points using the Monte Carlo-
based algorithm (o = 0.1). The base timings for the naive algorithms are listed in
Figure 45.
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Speedup over naive on points distributed on a ball (¢ =0.1)
Speedup factor

| Number of points

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

|H €=0.001 [ =001 [ e=0.1|

Figure 49: Speedup result on points distributed inside a sphere using the Monte
Carlo-based algorithm (o = 0.1). The base timings for the naive algorithms are
listed in Figure 45.

Speedup over naive on points distributed in an annulus (@=0.1)
Speedup factor

1000 |

T Number of points

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Im €=0.001 7 €=0.01 [ €=0.1

Figure 50: Speedup result on points distributed on an annulus using the Monte
Carlo-based algorithm (o = 0.1). The base timings for the naive algorithms are
listed in Figure 45.
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Table 10: The distribution of relative error on the uniform distribution using o = 0.1

and € = 0.001.
Number of | % achieving | Average Variance Maximum
points relative error relative error
1000 | 98.3% 1.11 x 1074 8.89 x 10~ 7 2.86 x 1072
2000 | 97.9% 1.28 x 1074 7.71 x 1077 2.78 x 1072
3000 | 98.6% 1.51 x 104 2.64 x 1076 6.47 x 1072
4000 | 98.3% 1.44 x 1074 3.37 x 1076 1.01 x 1071
5000 | 98.7% 2.65 x 1074 1.09 x 1074 7.36 x 107!
6000 | 98.3% 1.29 x 1074 1.39 x 1076 3.62 x 1072
7000 | 98.4% 1.86 x 1074 9.29 x 1076 1.96 x 1071
8000 | 98.8% 9.89 x 107° 1.21 x 1076 6.50 x 1072
9000 | 98.8% 9.94 x 107° 1.39 x 1076 6.69 x 102
10000 | 98.9% 1.02 x 104 1.95 x 1076 1.06 x 1071

bound along with the mean and the variance in Table 10, Table 11, and Table 12.
The relative error level of 0.001 and the probability guarantee of 90% was used.
Under all three distributions, the percentage of points whose potential sum achieved
the desired relative error of 0.001 was well above 90%. We list the average relative
error, the variance, and the maximum relative error. Note that the maximum relative
error can exceed 100% if the true potential sum and its approximation have opposite
signs. For a particle with a small potential sum, we have observed that this is indeed

the case due to numerical inaccuracies accumulated during the summation.

7.6 Conclusion

In this chapter, we have introduced the framework for extending the pairwise series
expansion to potentials that involve more than two points. Through this process,
we have formally defined the expansions needed for approximating the multibody
potentials in a hierarchical fashion as done in traditional FMM algorithms, and have
derived algorithms for guaranteeing (1) absolute error bound (2) relative error bound
(3) probabilistic absolute/relative error on each particle potential sum and proved the

correctness of our algorithms formally. Parallelization is left as a future work [118].
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Table 11: The distribution of relative error on the ball distribution using o = 0.1

and € = 0.001.
Number of | % achieving | Average Variance Maximum
points relative error relative error
1000 | 98.6% 8.21 x 107° 1.17 x 1077 7.22 x 1073
2000 | 98.7% 1.35 x 1074 1.26 x 1076 2.78 x 1072
3000 | 98.7% 1.11 x 1074 7.58 x 107 3.23 x 1072
4000 | 97.0% 1.36 x 1073 1.21 x 1073 1.81 x 10°
5000 | 98.2% 1.19 x 1074 1.18 x 1076 4.85 x 1072
6000 | 98.9% 1.20 x 1074 3.70 x 1076 1.27 x 1071
7000 | 98.8% 1.22 x 1074 3.32 x 106 1.11 x 1071
8000 | 98.5% 1.31 x 1074 3.67 x 1076 1.12 x 1071
9000 | 97.9% 6.24 x 1074 3.89 x 1074 1.14 x 10°
10000 | 97.6% 5.09 x 1074 2.40 x 1074 1.28 x 10°

Table 12: The distribution of relative error on the annulus distribution using o = 0.1

and € = 0.001.
Number of | % achieving | Average Variance Maximum
points relative error relative error
1000 | 98.4% 9.33 x 107 3.42 x 1077 1.38 x 1072
2000 | 97.2% 9.21 x 1074 2.69 x 1074 5.15 x 1071
3000 | 98.7% 8.52 x 107° 1.16 x 1076 5.09 x 1072
4000 | 91.8% 2.53 x 1072 6.10 x 107! 4.80 x 10
5000 | 96.9% 1.28 x 1073 1.09 x 1073 1.27 x 109
6000 | 92.8% 6.28 x 1073 1.38 x 1072 6.43 x 10°
7000 | 95.2% 2.13 x 1073 1.36 x 1073 6.66 x 10~%
8000 | 91.2% 1.45 x 1072 3.77 x 1071 5.36 x 10!
9000 | 94.6% 5.17 x 1073 6.56 x 1073 3.94 x 10°
10000 | 91.6% 2.72 x 1072 8.06 x 10! 8.29 x 10!
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CHAPTER VIII

BEYOND SERIAL IMPLEMENTATIONS: DISTRIBUTED
FAST SUMMATIONS

8.1 Issues in Parallelization

In this chapter, we propose a parallel framework for kernel summations extending the
serial approaches described in Chapter 3, Chapter 4, and Chapter 5'. The framework
provides a general approach for accelerating the computation of many popular ma-
chine learning methods. The motivation is similar to that of [119] and [98]. In [119], a
general framework was developed to support various types of scientific simulations. In
the PEGASUS framework [98], several graph mining operations (PageRank, Random
Walk with Restart (RWR), diameter estimation, and connected components) was par-
allelized via an implementation of Generalized Iterated Matrixz-Vector multiplication
(GIM-V) on HADOOP platform [21]. This chapter is based on parallelization of the
previously successful generalized N-body framework [78, 128] which is similar to the
well-known spatial join algorithms [64, 26] and is an extension of the parallelization

work in [25]. We again start by defining the computational task to be tackled.

Problem: Suppose we are given the set of query points Q and the set of reference
points R, and each of these sets are equi-distributed across a network of nodes. Given

a pairwise kernel function k, the relative error level € > 0, and the desired kernel sum

®(q;R) = > k(q,r) for each q € Q,

reR
Task: Compute an approximation ®(q; R) for each q € Q such that

O(q;R) — ¢(q; R)| < eP(q; R) as fast as possible.

IThe extension to the multibody case is under progress in another submission.
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Table 13: Methods that can be sped up using our framework. Although the parts
marked with X can be sped up in some cases by sparsifying the kernel matrix and
applying Krylov-subspace methods, computed results are usually numerically unsta-
ble. An alternative approach based on distributed averaging and random feature
extraction will be introduced in Chapter 9.

Method k(") Train/Batch
test

KDE [145]/NWR [138] PDFs vV /v

KSVM [165]/GPR [153] | PD kernels X /v

KPCA [164] CPD kernels X/

We now start by defining the necessary terminologies.

e An MPI communicator connects a set of MPI processes, each of which is given

a unique identifier called an MPI rank, in an ordered topology

e Commonly used topologies include: the ring topology, the star topology, and
the hypercube topology. We denote C'\orq as the MPI communicator over all

MPIT processes, and Dp the portion of the data D owned by the P-th process.

In this chapter, we assume that: 1) the nodes are connected using a hypercube
topology since it is the most commonly used one; 2) there are pye.q threads associated
with each MPI process; 3) the number of MPI processes p is a power of two?, though
our approach can be easily extended for arbitrary positive integers p; 4) the query
set equals the reference set (Q = R, and we denote D as the common dataset and
N = |D| the size of the dataset), and D is equi-distributed across all MPI processes.
Particularly the monochromatic case of Q = R occurs often in cross-validating for
optimal parameters in many non-parametric methods.

Hierarchical N-body methods present an interesting challenge in parallelization:
1) both data distribution and work distribution are highly non-uniform across MPI

processes; 2) often involves long-range communication due to the kernel function

2We regret the potential overloading of notation here. p has been used in Chapter 3 and Chapter 4
as truncation orders.
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Table 14: Examples of approximation schemes that can be utilized in our framework.

Approximation Type Basis functions | Applicability

Series expan- | Deterministic| Taylor basis General

sion [114, 112]

Reduced set [165] Deterministic| Pseudo- Low-rank PD/CPD
particles kernels

Monte Carlo [95, 113] | Probabilistic | None General smooth kernels

Random feature ex- | Probabilistic | Fourier basis Low-rank PD/CPD

traction [150] kernels

Table 15: Examples of multi-dimensional binary trees that can be utilized in our
framework. If RULE(x) returns true, then z is assigned to the left child (as defined

in [54]).

Tree type Bound type RULE(x)

kd-trees [15] hyper-rectangle x[i] < sli] for 1 < i < D,
{b™™[d], b™[d]}¢ b™™[i] < s[i] < b™[i]

metric trees [140] | hyper-sphere B(c,7), ¢ € | |[x—Diep|| < ||x—Prignt|| for
RD, r >0 Pleft; pright S RD

vp-trees [202] B(c,r1)N B(c,rg) for 0 <ry < | ||lx—p|| < tfort>0,pe€
T2 RD

RP-trees [54] Hyperplane a’x = b x'v < MEDIAN(z'v : z €

S)

k(-,-). In the worst case, every process will need almost every piece of data owned
by the other processes. Here we discuss the three main important issues in a scalable
distributed hierarchical N-body code:

Parallel Tree Building: [110] proposed a novel distributed octree construction
algorithm and a new reduction algorithm for evaluation to scale up to over 65K
cores. [3] describes a parallel kd-tree construction on a distributed memory setting,
while [39] works on a shared-memory setting. [120] discuss building spill-trees, a
variant of metric trees that permit overlapping of data between two branches, using
the MapReduce framework.

Load Balancing: Most common static load balancing algorithms include: 1) the
costzone [173] which partitions a pre-built query tree and assigns each query particle
to a zone. A common approach employs a graph partitioner [52]; 2) the ORB (or-

thogonal recursive bisection) which directly partitions each dimension of the space
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Figure 51: Recursive doubling on the hypercube topology. Initially, each node begins
with its own message (top left). The exchanges proceed in: the top right, the bottom
left, then bottom right in order. Note that the amount of data exchanged in each
stage doubles.

containing the query points in a cyclic fashion. Dynamic load balancing [123] strate-
gies adjust the imbalance between the work loads during the computation.
Interprocess Communication: The local essential trees approach [160] (which
involves few large-grained communication) is a sender-initiated communication ap-
proach. Using the ORB, each process sends out essential data that may be needed
by the other processes using the recursive doubling scheme (see Figure 51). An al-
ternative approach has the receiver initiate communication; this approach involves

many fine-grained communication and is preferable if interprocess communication

overheads are small. For more details, see [172].

8.2 Daistributed Multidimensional Tree

Our approach for building a general-dimension distributed tree closely follows [3].
Following the ORB (orthogonal recursive bisection) in [160], we define the global tree,
which is a hierarchical decomposition of the data points on the process level. The

local tree of each process is built on its own local data Dp.
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Figure 52: Each process owns the global tree of processes (the top part) and its own
local tree (the bottom part).

Building the Distributed Tree. Initially, all MPI processes in a common MPI
communicator agree on a rule for partitioning each of its data into two parts (see
Algorithm 8.2.1). The MPI communicator is then split in two depending on the
MPI process rank. This process is recursively repeated until there are logp levels
in the global tree. Shared-memory parallelism can be utilized in the (independent)
reduction step in each MPI process in generating the split rule (see Algorithm 8.3.2).
Using C++ meta-programming, we can auto-generate any binary tree utilizing an
associative reduction operator for constructing bounding primitives; one just needs
to provide a splitting rule (see Table 15). Generalizing to multidimensional trees with
an arbitrary number of child nodes (such as cover-trees [20]) is left as a future work.
Building the Local Tree. Here we closely follow the approach in [39]. The first
few levels of the tree are built in a breadth-first manner with the assigned number of
OpenMP threads proportional to the number of points participating in a reduction to
form the bounding primitive (see Figure 54). The number of participating OpenMP
threads per task halves as we descend each level. Each independent task with only

one assigned OpenMP thread proceeds with the construction in a depth-first manner.
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Figure 53: Distributed memory parallelism in building the global tree (the first logp
levels of the entire tree). Each solid arrow indicates a data exchange between two
given processes. After exchanges on each level, the MPI communicator is split (shown
as a dashed arrow) and the construction works in parallel subsequently.

We utilized the nested loop parallelization feature in OpenMP for this part. Recently,
we have transitioned to use Intel Thread Building Block for its simplicity in recursive
task-based parallelism.

Overall Runtime Complexity. All-reduce operation on the hypercube topology
takes O (tslogp + t,m(p — 1)) where tg, t,, and m are the latency constant, the
bandwidth constant, and the message size respectively. Assume that each process
starts with the same number of points % and each split on a global/local level results
in equi-distribution of points and only distributed memory parallelism is used (i.e.
Pinread = 1). Let Mpouna be the message size of the bounding primitive divided by D.

The overall runtime for each MPI process is:

e The reduction cost and the split cost at each level 0 <17 < logp: O <M>

p

e The all-reduce cost on each level 0 < i < logp: O(tw DMpound (% — 1))

e The total latency cost at each level 0 < i < logp: O (ts (log Z+ 1))
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Figure 54: Shared-memory parallelism in building the local tree for each MPI process.
The first top levels are built in a breadth-first manner with the number of threads
proportional to the amount of performed reduction. Any task with one assigned
thread proceeds in a depth-first manner.

e The base case at the level log p (the depth-first build of local tree): O <% log (%))

Therefore, the overall complexity is: O (% log (%) ) +O (Dtympouna (2p — log 4p))+
@) (W log p) +0O (% logp (logp + 3)). This implies that the growth of the num-

ber of data points must be Nlog N ~ O(p?) to achieve the same level of parallel

efficiency. Note that the last terms have zero contribution if p = 1.

8.3 OQOwverall Algorithm

Algorithm 8.3.1 shows the overall algorithm. Initially, each MPI process initializes
its distributed task queue by dividing its own local query subtree into a set of T
query grain subtrees where T" > Pipreqq 1S more than the number of threads pieqq
running on each MPI process; initially each of these trees has no tasks. The tree

sub that must be considered.

walker object maintains a stack of pairs of Q*** and Rp
It is first initialized with the following tuple: the root node of Q, the root node
of the local reference tree Rp, and the probability guarantee «; the relative error

tolerance/absolute error tolerance are global constants € and 7 respectively. Threads

not involved with the tree walk or exchanging data can dequeue tasks from the local
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Algorithm 8.2.1 BUILDDISTTREE(Cyor14, Dp): (MPI)
C < Cyorid
while C.size() >1 do
rule <~ CHOOSESPLITRULE(C, Dp)
for each P-th MPI process in C' in parallel do
Divide Dp = Lp U Rp using rule.
if P <1< then

Peopp < P + @, SEND(Pomp, Rp)
L comp < RECEIVE(P,p), Dp = Lp U Loy
else
c
Peomp — P — %, R omp < RECEIVE(Ppopp)

SEND(Pomp, Lp), Dp < Rp URcomp
C < SpLITCOMM(P >= @)
BUILDLOCALTREE(Dp)

task queue.
8.3.1 Walking the Trees

Each MPI process takes the root node of the global query tree (the left tree) and the
root node of its local reference tree (the right tree) and performs a dual-tree recursion
(see Algorithm 8.3.3). For simplicity, we show the case where the reference side is
descended first then the query side. Any of the running threads can walk by dequeuing
from the stack of frontier nodes, generate local tasks, and queue up reference subtrees
to send to other processes. The expansion can be prioritized using the HEURISTIC
function that takes a pair of query/reference nodes. It would be possible to extend

the walking procedure to include fancier expansion patterns described in [156].
8.3.2 Message Passing

Inspired by the local essential trees approach, we develop a message passing sys-
tem utilizing the recursive doubling scheme. We assume that the master thread is
the only thread that may initiate MPI calls. The key differences from the vanilla
local essential tree approach are two-fold: 1) our framework can support compu-

tations that have dynamic work requirement, unlike FMM; 2) our framework does
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Algorithm 8.3.1 Overall algorithm.
Each MPI process initializes its distributed task queue with a set of query grain
subtrees and the tree walker with (Q, Rp).
OpenMP parallel region start (threads spawned)
while there are remaining tasks globally do
if I am the master thread then
Route messages via recursive doubling.
if If the task queue is nearly empty then
WALK() (Algorithm 8.3.3,Figure56).
Choose a query subtree and lock it. Dequeue a set of task from it and call the
serial algorithm (Algorithm 3.1.10 on each (Q***, R**") pair. For each completed
task, queue up completed work quantity.

Unlock the query subtree. If the checked out query subtree is imported from
another process and has no more tasks, queue up a flush request to write back
the query subtree.

OpenMP parallel region end (threads synchronized)

Algorithm 8.3.2 CHOOSESPLITRULE(C, Dp): (OpenMP /IntelTBB)

biocar ¢ an empty bound

for each data point r € Dp in parallel do
Expand by, to include r.

b common < COMBINE(C', boeqr)

return RULE(x) using b ommon-

not require each MPI process to accommodate all of the non-local data in its essen-
tial tree. Algorithm 8.3.4 shows the message passing routine called by the master
threshold on each MPI process. Any message from a pair of processes in a hyper-
cube topology needs at most log p rounds of routing. At each stage ¢, the process P
with binary representation P = (b1og(p)_1, v bit1,0,b,1, -+, bg)2 sends messages to
process Preighvor = (Dlog(p)—15 "+ » bit1, 1, biz1, -+, by)2 (and vice versa). Here are the

types of messages exchanged between a pair of processes:
1. Reference subtrees: each MPI process sends out a reference subtree with the tag

(R5“2, {Q***}) where {Q®“*} is the list of remote query subtrees that needs R*“.

2. Work-complete message: whenever each thread finishes computing a task (Q*“?, R“),
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Figure 55: The global query tree is divided into a set of query subtrees each of which
can queue up a set of reference subset to compute (shown vertically below each query
subtree). The kernel summations for each query subtree can proceed in parallel.

it queues up a pair of completed work quantity and the list of all MPI ranks excluding
the self. The form of the message is: (|Q**||[R***|,{0,--- ,P—1,P+1,p—1})).

3. Extra tasks: one of the paired MPI processes can donate some of its tasks to
the other (Section 8.3.3). This has a form of (Q*“*, {R*"*}) where {R**} is a list of
reference subsets that must be computed for Q**.

4. Imported query subtree flushes: during load balancing, query subtrees with several
reference tasks may be imported from another process. These must be synchronized
with the original query subtree on its originating process before tasks associated with
it are dequeued.

5. The current load: the load is defined as the sum of |Q***R*“*| associated with all

164



Algorithm 8.3.3 WALK()

while there is a MPI process asking for work do
(qub) Rsub) Y POP()
if CANSUMMARIZE(Q®**, R**") then

SUMMARIZE(Q**, R*%), Queue the work-complete
(|QSUb||RSUb|> {17 e, P=1,P+1,-- >p})'
else

if Q** is a root node of a query grain subtree then
if R*" is a leaf node then
if Q*“* belongs to the self, then
Add (Q*“*, R**) to the task list of Q.
else
Add the MPI rank of Q** to a list of R**’s destinations.
else
(Rq1,Rz) < HEURISTIC(Q®, RS“0L R 1)
Push (Q™*,R»), PusH (Q**,R;)
else
if R** is a leaf node then
]\:)USI_I((QSUJI),L7 RSUb, )7 PUSH(QSU}J’R, Rsub)
else
(Rp1, Ry 2) < HEURISTIC(Q*"F RS“DE RSUD-R)
(Rr.1, Rr2) « HEURISTIC(Q®“0f RSub-L Rsub-R)
PusH (Q**", Rr2) , PusH (Q***, Ry, »
PusH (Q**" Rr.1) , PUsH (Q*** Ry

message

query subtrees (both native and imported) on a given process.

Distributed Termination Detection. We follow a similar idea discussed in Sec-

tion 14.7.4 of [143], Initially, all MPI processes collectively have to complete |Q||R|

amount of work. Each thread dequeues a work and completes a portion of its as-

signed local work (see Figure 55); the completed work quantity is then broadcast

using the recursive doubling message passing to all the other processes. The com-

pleted and uncompleted work is conserved at any given point of time. When every

process thinks all of |Q||R| work have been completed and it has sent out all of its

queued up work-complete messages, it can safely terminate.

8.3.3 Load Balancing

Our framework employs both static load balancing and dynamic load balancing.
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Static Load Balancing. FEach MPI task is initially in charge of computing the
kernel sums for all of its grain query subtrees. This approach is similar to the ORB
approach where the distributed tree determines the task distribution.

Dynamic Load Balancing. It is likely that the initial query subtree assignments
will cause imbalance among processes. During the computation, we allow each query
task to migrate from the current P-th process to a neighboring Pcignsor-th process.
We use a very simple scheme in which two processes that are paired up during each
stage of the repeated recursive doubling stages attempt to load balance. Each pro-
cess keeps sending out a snapshot of its computation load in the recursive doubling
scheme, and maintains a table of estimated remaining amount of computation on the
other processes. Therefore, load estimates could be outdated by the time a given
process considers transferring extra tasks. Therefore, we employ a simple heuristic of
initiating the load balance for a pair of imbalanced processes: if the estimated load
on the process Ppeighbor 18 below 0 < Bipresnola < 1 of the current load on the process

P, transfer 0.5(1 — Binreshoia) amount of tasks from P to Preighbor-

8.4 FExperimental Results

We developed our code base in C++ called MLPACK [24] and utilized open-source
libraries such as Boost library [107], Armadillo linear algebra library [163], and the
GNU Scientific Library [49]. We have tested on the Hopper cluster at NERSC. Each
node on the Hopper cluster has 24 cores, and we used the recommended setting
of 6 OpenMP threads/node (preaa = 6) and a maximum 4 MPI tasks/node and
compiled using GNU C++4 compiler version 4.6.1 under the —03 optimization flag.
The configuration details are available at [1].

We chose to evaluate the scalability of our framework in the context of com-
puting kernel density estimates [145]. We used the Epanechnikov kernel k(q,r) =

1 (1 — W’;—;‘P) since it is the most asymptotically optimal kernel. For the first

166



Iteration 0 Iteration 1

AN AN
; 3 3 NE
‘» ‘.
N N
d N PEERY
/\ NN \/\ n
AR Gl d iy dvds i a vl i vdadadaidadn
Iteration 2 Iteration 3
. .
L s - -
) 2 N 2 N
3 2 3 3 2 NE
I . l .
N N
PEEERY PEEERY
/\ noon \/\ n
Crdhdvdivdivdiandadn s dadndady dvdahdsdvdis i Vi daidandadn
Iteration 4 Iteration 5
. .
P \_‘ P \‘
AN AN
: N : NE
‘. ‘.
5 Q /N 0 Y
Y PEEERY » PAEERY
noonon NN
Crdhdvdivdivdiadadn i dndadidads dsdadsdvdsdhdandn R EEEEEREE
Iteration 6 Iteration 7
. .
~ T~
AN AN
3 NE
‘. ‘.
- ) N ) N
PEERY » PEEY
/\ noon NN
R E R Vb d il dy dvd i s i vdsddadn Vit dadidadn
Iteration 8 Iteration 9
. .
- T - T

3 . . 03 3
. . . . . N
o 4 5 /N /N /N o 4 5 /N /N /N
AR AR PR PR PR AR
JE S A W TS AT NN N
N IR A N T B S S B S Y PR I Y 2 S T S TP N Y S S N ST ST TAE S S YT S S N T Y é bbb bbb

Figure 56: Illustration of the tree walk performed by the 0-th MPI process in a group
of 4 MPI processes. Iteration 0: starting with the global query tree root and the root
node of the local reference tree owned by the 0-th MPI process; Iteration 1-2: descend
the reference side before expanding the query side; Iteration 3: the reference subtree
12 is pruned for the 0-th and 1st MPI processes; Iteration 6-7: the reference subtree
12 is hashed to the list of subtrees to be considered for the query subtrees 8 and 9
(owned by the 2nd MPI process); Iteration 8: the reference subtree 12 is pruned for
the 3rd MPI process. Iteration 9: the reference subtree 13 is considered subsequently
after the reference subtree 12. At this point, the hashed reference subtree list includes

(12, {8, 9}).
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Algorithm 8.3.4 ROUTEMESSAGE
Prcighvor < P XOR stage.
Asynchronously send to Ppeighpor:

1. A set of query subtree flushes

2. A set of query subtrees with tasks

3. The work-complete messages

4. The recently received load estimates of other processes.
From Ppeighbor, TECEIVE:

1. A set of query subtree flushes from P,¢ignpor. Synchronize those that belong
to P.

2. Query subtrees with tasks from Pjcignsor and have the local task queue import
them.

3. Load estimates of other processes from Pcighpor-
4. Work complete messages from Ppignpor and update the global work count.

Wait until all sends are complete.
stage < (stage + 1) modlogp

part of our experiments, we considered uniformly distributed data points in the
10-dimensional hypercube [0,1]'° since non-parametric methods such as KDE and
NWR require an exorbitant number of samples in the uniform distribution case. Ap-
plying non-parametric methods for higher dimensional datasets requires exploiting
correlations between dimensions [142]. For the second part, we measured the strong
scalability of our implementation on the SDSS dataset. All timings are maximum

ones across all processes.
8.4.1 Scalability of Distributed Tree Building

We have compared the strong scalability of building two main tree structures: kd-
trees and metric-trees on an uniformly distributed 10-dimensional dataset containing
20,029,440 points (Figure 57). In all cases, building a metric-tree is more expen-

sive than building a kd-tree; a reduction operation in Algorithm 8.3.2 for metric-trees
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Figure 57: Strong scaling result for distributed tree building on an uniform point
distribution in the 10-dimensional unit hypercube [0, 1]!1°. The dataset has 20,029,440
points. The base timings for 6 cores are 105 seconds and 52.9 seconds for metric-tree
and kd-tree respectively. The raw timings for all pairs are (in seconds): (104.86,
52.93), (43.48, 27.03), (24.92, 13.13), (8, 4.9), (7.8, 3.22), (6.5, 1.69).
involves distance computations whereas the reduction operator for kd-trees is the com-
putation of minimum/maximum. For the weak-scaling result (shown in Figure 58),
we added 166,912 ten-dimensional data points per core up to 1,025,507,328 points.
Our analysis in Section 8.2 has shown that the exact distributed tree building al-
gorithm require the growth of the data points to be Nlog N ~ O(p?), and this is
reflected in our experimental results.

However, readers should note that: 1) the depth of the trees built in our setting
is much deeper than the ones in other papers [110]. Each leaf in our tree contains 40
points; 2) the tree building is empirically fast. On 6,144 cores, we were able to build
a kd-tree on over one billion 10-dimensional data points under 30 seconds; 3) the
one-time cost of building the distributed tree can be amortized over many queries.

[120] took a simple map-reduce approach in building a multidimensional binary
tree (hybrid spill-trees specifically). We conjecture that this approach may be faster
to build but result in slower query times due to generating suboptimal partitions.

Future experiments will reveal its strengths and the weaknesses.
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Figure 58: Weak scaling result for distributed kd-tree building on an uniform point
distribution in 10 dimensions. We used 166,912 points / core. The base timing for 6
cores is 2.81 seconds.

8.4.2 Scalability of Kernel Summation

In this experiment, we measure the scalability of the overall kernel summation. Our
algorithm has three main parts: building the distributed tree (Algorithm 8.2.1), walk-
ing the tree to generate the tasks (Algorithm 8.3.3,Figure 56), and performing reduc-
tions on the generated tasks (Figure 55). The kernel summation algorithm tested
here employs only the deterministic approximations [114, 112]. We used ¢ = 0.1,
7 =0, and a = 1 (see Definition 2.4.3).

Weak Scaling. We measured the weak scalability of all phases of computation (the
distributed tree building, the tree walk, and the computation). The data distribution
we consider is a set of uniformly distributed 10-dimensional points. We vary the
number of cores from 96 to 6144, adding 166,912 points per core. We used ¢ = 0.1 and
decreased the bandwidth parameter h as more cores are added to keep the number
of distance computations constant per core; a similar experiment setup was used
in [162], though we plan to perform more thorough evaluations. The timings for the
computation maintains around 60 % parallel efficiency above 96 cores.

Strong Scaling. Figure 60 presents strong scaling results on a 10 million/4-dimensional

subset of the SDSS dataset. We used the Epanechnikov kernel with A = 0.000030518
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Figure 59: Weak scaling result for overall kernel summation computation on an
uniform point distribution in 10 dimensions. We used 166,912 points / core and

e=0.1and h = T1247 halving h for every 4-fold increase in the number of cores. The

base-timings for 6 cores are: 2.84 seconds for tree building, 1.8 seconds for the tree
walk, and 128 seconds for the computation. The raw timings for all triples are (in
seconds): (2.84, 1.8, 128), (5.06, 2.03, 150), (8.36, 2.81, 218), (12.3, 2.97, 353), (18.2,
2.9, 407), (29.9, 2.7, 258).

(chosen by the plug-in rule) with ¢ = 0.1.

8.5 Conclusion

In this paper, we proposed a hybrid MPI/OpenMP kernel summation framework for
scaling many popular data analysis methods. Our approach has advantages including;:
1) the platform-independent C++ code base that utilize standard protocols such as
MPT and OpenMP; 2) the template code structure that uses any multidimensional bi-
nary trees and any approximation schemes that may be suitable for high-dimensional
problems; 3) extendibility to a large class of problems that require fast evaluations of
kernel sums. Our future work will address: 1) distributed computation on unreliable
network connections; 2) extending to take advantage of heterogeneous architectures
including GPGPUs for a hybrid MPI/OpenMP/CUDA framework; 3) extension of
the parallel engine to handle problems with more than pair-wise interactions, such as

the computation of n-point correlation functions [78, 132].
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Figure 60: Strong scaling result for overall kernel summation computation on the
10 million subset of SDSS Data Release 6. The base timings for 24 cores are: 13.5
seconds, 340 seconds, 2370 seconds for tree building, tree walk, and computation
respectively. The raw timings for all triples are (in seconds): (13.52, 339.36, 2371),
(7.41, 24.38, 244), (2.93, 2.78, 98.78), (1.10, 0.27, 39.51).

This research used resources of the National Energy Research Scientific Computing
Center, which is supported by the Office of Science of the U.S. Department of Energy
under Contract No. DE-AC02-05CH11231.
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CHAPTER IX

DISTRIBUTED AVERAGING AND RANDOM
FEATURES FOR LARGE SCALE ANALYSIS

In this chapter, we discuss how to combine the distributed averaging algorithm with
the random feature extraction method (see Section 2.3.4) for fast distributed (parallel)
kernel eigendecomposition and inversion.

We assume there are a set of processes in a network G = (V,€), where V =
{1,---, N} represents the nodes. and & C V x V represents the pairs (i,7) € £ that
can communicate directly. The set of neighbors of node i is denoted as N; = {j € V' :

(i,7) € £} and its degree as d; = |N|.
9.1 D:aistributed Averaging

We first start by introducing the distributed averaging algorithm. We assume each
N
node has a measurement u; € R and needs to compute the global average u = % > uy.

The easiest way is to invoke a global communication primitive such as all—reducézl\l/[PI
operation. However, this requires a formation of a spanning tree where a single
process acts as the master. Each invocation requires all processes to synchronize
and can cause bottlenecks in scalability. In addition, all-reduce operation can be
useless in the cases of imperfect communication and dynamic network topologies.
Distributed averaging can be used to circumvent this process at the expense of taking
more number of iterations to converge to the true global average.

[199] considers the problem of finding a linear iteration yielding distributed aver-

aging consensus over a network. In this chapter, we use a simple linear iteration called

average consensus algorithm. Fach process maintains an average x; initialized with
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Figure 61: A set of interconnected processes where each connection represents the
capability to communicate. Each synchronization phase requires each process to
exchange with its immediate neighbors. The convergence is guaranteed as long as the
network is a connected graph.

its own local number z;(0) = u;. Each process then iterates the difference equation

by using the difference equation:

vt +1) = ai(t) + € Y (a(t) — ai(t)) (9.1.1)

JEN;

where € < Note that there are non-linear variants of difference equa-

max d; "
1<i<N

tions [102]. Extensions to multivariate data and multiple data point cases are triv-
ial [188].

It can be shown that each state converges to the average of the initial values on
all nodes, that is tlgglo xr; = U, as long as the graph G is connected. The all-reduce MPI
operation can be thought of as a special case of distributed averaging where every
process is in a fully connected network and communicated with the other processes
in each synchronization phase. On the other hand, distributed averaging requires
a smaller volume of communication and localized synchronization points. We note
that [188] applied the distributed averaging for developing distributed computer vision
algorithm such as point triangulation, linear pose estimation and affine structure from
motion; the distributed linear algebra algorithms such as SVD, nullspace estimation,

linear least squares, PCA, and generalized PCA are used as building blocks.
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9.2 Kernel Matrix Inversion

Now we tackle the problem of inverting a large kernel matrix K = {k(r;, 1j) }r, r;er
(see Figure 5), that is, the computation of K~'y. We note that [189] has already
applied distributed averaging for this case and briefly summarize their derivations.
We then propose to make a small change in their algorithm by introducing random

feature extraction.
9.2.1 Gaussian Process Regression

We assume the following regression model § = f(x) + ¢ where ¢ ~ N(0,0?). We
briefly introduce the Gaussian process regression model, where f(x) is a zero-mean
Gaussian process with covariance function K(x,x”) : RP? x R? — R. A Gaussian
process is a collection of random variables, any finite number of which have a joint
Gaussian distribution [153]. It is completely specified by a mean function m(x) =
E[f(x)] (typically assumed to be zero) and a covariance function K (x, x"”) = E[(f(x)—

m(x))(f(x") —m(x"))] = E[f(x)f(x")].

X1, "+, XN
If we have training data D = , the N x N covariance matrix

Y, =, Yn
K is now defined as [K];; = K(x;j,xx). We then define the observation vector y =

[y1,...,yn]T; y can be shown as a zero mean multivariate Gaussian process with a
covariance matrix K* = K+02I. The posterior density for a test point x*, p(y*|x*, D)

is a univariate normal distribution with the mean y* and the variance var(y*):
g =k(x") (K ly
var(y’) = K(x*, x") — k(x")" (K") 'k(x")

where k(x*) = [k(x*,x1),...,k(x* x,)]". We focus on Gaussian Automatic Rele-

vance Determination (ARD) kernel as the covariance function:
1 1 1 1
k(x,x') = 0% exp —§(x —x\'diag ( = ) (x — x’)} (9.2.1)

RN Ry
91 92 QD
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For simplicity, we further restrict to the case of the Gaussian kernel (h =6, = --- =
0p, oy = 1). Nevertheless, we note that our discussions can be trivially extended
to the Gaussian ARD kernel and more importantly all positive-definite kernels with
well-defined inverse Fourier transforms.

A common choice of recovering f is to minimize the following cost function:

N

QU = (i — Fx0))* +If I3 (9.2.2)

=1

where Hyg is the hypothesis space corresponding to a reproducing kernel Hilbert
space (RKHS) defined by the kernel &(-,-). 7 is the regularization parameter trading

empirical evidence and smoothness of f. It can be shown that f. = argminQ(f)

JeHk
satisfies the following properties:
N €1 Y1
fo=Y ck(xi), | 1] =K+
i=1
CN YN
Now we formally define the computational problem.
X1, -, XN
Problem: Given the set of reference point and target pairs D = ,
Y, -5 YN
the positive definite kernel £k, and the regularization parameter v > 0,
€1 Y1
Task: Compute | : | = (K+~I)7! | : | as fast as possible.
CN YN

9.2.2 Applying Distributed Averaging

[189] restricts the hypothesis space to a closed subspace Hix C H by using the
eigenexpansion of the kernel k. An eigenfunction ¢(-) : RP < R obeys the following

integral equation with respect to measure pu:
[ ki x)otaont0 = ro(x) 923)
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Generally, there are an infinite number of eigenfunctions, ¢(x), ¢2(x),. .., and corre-
sponding eigenvalues A\; > Ay > .... Eigenfunctions are orthogonal with respect to u
and normalized such that [ ¢;(x)¢;(x)0u(x) = d;; where &;; is the Kronecker delta.

By Mercer’s theorem, we can expand:
)

= Z Aidi(%) 95 (X) (9.2.4)

[189] then truncates Equation (9.2.4) after d terms. The new restricted hypothesis

subspace precisely is the following:

Hy = span{dy, -+, da} (9.2.5)

For each point x in the query/reference datasets, a set of new features is generated

using the first d eigenfunctions: [¢;(X), -, ¢a(x)]. Now we instead get the following
function:
fs = argmmz xi))” + I f 1 (9.2.6)
JeHK =1

See Proposition 5 in [189] for the goodness of the estimator fg.

We note that Gaussian process regression is an infinite-dimensional kernelized
ridge regression (Chapter 2 in [153]). In essence, we use the eigenfunctions to gener-
ate a low-dimensional (finite) subspace so that linear methods can be applied [150].
Therefore, we can write fs in the following way:

fs(x) = g(x)" (GGT + diag (/\71 : ,)\ld>>_1 s (9.2.7)

where g(x) = |, (x) - ¢d(x)r, G = {g(xl) o g(xn) 1 and s = Zg(xl) Yi-

i=1

N N
Now note that + GG” = 1 3~ g(x;)g(x;)” and +s = + Z g(x;)y; are global averages
=1 =1
and distributed averaging can be applied.
Instead of using the eigenfunctions ¢q, -, ¢4, we can also expand the kernel

using its inverse Fourier transform (Equation (2.3.2)) and randomly sample &, (x) =
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d

[cos(w™'x), sin(w”x)] ¥ such that k(x,x) ~ L3 €, (x)TE,, (X'). Now we can re-write
i=1

Equation (9.2.7):

fr(x) =€&x)" (BET + 'yI)_1 Sz (9.2.8)
T
where £(x) = 75 | €, ()T - swdoﬂ = {axl) o £ | and ss =

N )
> &(xi)y;. fr is a solution in another hypothesis subspace:
i=1

Hy = span{€uy, - &wy} (9.2.9)

Compared to the eigenexpansion case, we can no longer reduce the cost of each
communication between a pair of processes to O(d); this was possible due to the
orthogonality of eigenfunctions and the replacement of the covariance term %GGT
with its expected value E, [GGT} = I, i.e. the identity matrix (see Section 4.2

of [189]).

9.3 Kernel Eigendecomposition

9.3.1 Kernel PCA

We briefly introduce one of the widely used feature extraction method called ker-
nel PCA [164] in this section'. Many dimensionality reduction methods such as
FastMap [63], IsoMap [186], Local Linear Embedding [157], Local Tangent Space
Alignment [208], Multidimensional scaling [108|, Laplacian eigenmaps [13] can be
cast as a special case of Kernel PCA [91, 196, 165, 14].

The kernel in the context of kernel PCA (and other kernel methods [165]) uses
k(-,-) as a way of expressing dot products in the feature space F, that is k(x,y) =
& (x)"®(y) for @ : RP — F. Kernel PCA is used for extracting principal components
in F rather than the original input space R for discovering latent structures in the

data.

I This is an unfortunate overloading of terms which may cause confusion. Any suitable probability
density function can be used as a kernel in non-parametric density estimation, whereas kernels in
kernel PCA have different requirements.

178



We denote the empirical average of the feature map as pr = % > ®(r;). We
i€R

|
Tj

define the covariance matrix in F, C = ﬁ S (®(r;) — pr) (®(r;) — pr)". The
ri€eR

principal components of ®(R) = {®(rj)}r,cr are given by the eigenvectors of C.
The vanilla PCA corresponds to the case of ®(x) = x. Because ®(-) : R — F could
be an infinite-dimensional mapping (i.e. ®(-) induced by the Gaussian kernel), we

instead eigendecompose the centered kernel matrix: K = VX2V where

Ki; = (®(r;) — ur)" (®(r;) — pr)

= k(r;,r5) — ®(r;)" pr — ®(r;)" pr + pRrUR

and for any x € R?, ®(x)"pr = % ZRk(X, r;) and phpur = |ri|2 3 Rk(rm,rp).
ric I'm,I'p€

The overall computation problem here is defined as the following.

Problem: Given the set of reference point and target pairs R = |:X17 e XN:|’
the positive definite kernel k,
Task: Compute the top m eigenvectors/eigenvalues of the kernel matrix K as fast

as possible.
9.3.2 Previous Approaches

Now we go back to the problem of eigendecomposing a large kernel matrix K (see
Figure 4). A common operation in data analysis is an eigendecomposition of the
kernel matrix K = {k(r;,r;)}r,r;cr. Here we discuss previous approaches for eigen-
decomposing large kernel matrices in data analysis. A naive method requires O(|R/|?)
storage and O(|R|*) computational cost.

Deterministic Approximations. [66] pointed out that the incomplete Cholesky
factorization to compute a low rank approximation K = GGT such that K ~ K.
However, this method is not matrix-free since it works on the precomputed K. [178]
proposes a distributed algorithm for spectral clustering which involves an eigende-

composition of the Laplacian of K. It distributes the rows of sparsified K equally
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among p MPI processes and employs a parallel eigensolver.
Probabilistic Approximations. [195] uses the Nystrom method to reduce the
cubic computational cost by carrying out an eigendecomposition on a smaller kernel
matrix formed from the random subset of R. The original eigendecomposition prob-
lem is recovered by the Nystrom extension formula. A similar idea is used in [61],
which instead uses a probabilistic row or column sampling of the precomputed K.

[2] proposes to replace K with its randomized variant using random projections
and randomized rounding. This is motivated by the fact that classical linear algebra
approaches such as orthogonal /Lanczos iterations (which are sometimes used to com-
pute KPCA) have a huge computational bottleneck in matrix-matrix product that
occurs inside each iteration. Randomized rounding sparsifies K, which helps accel-
erate the matrix-matrix product inside orthogonal/Lanczos iteration, while random
projection reduces the dimensionality of each point (classical Johnson-Lindenstrauss
lemma states that there exists a lower dimensional embedding that preserves the pair-
wise distance with very small error), meaning the pairwise distances are computed
much faster.

[62] proposes a distributed algorithm of [2]. Each process receives a randomly
sparsified version of K and computes its own eigenvectors, and the master process
gathers and averages them. However, the authors assume that K is stored on the

master process.
9.3.3 Distributed Averaging-based Approach

Following the derivations in [189] and Section 9.2.2, we can develop a distributed

averaging scheme for large-scale kernel PCA. Note that we need to compute K =~
UX2U” where U € RV*" 3 € R™", and r is the desired rank. Algorithm 9.3.1 shows

the serial version of the random-feature-based (non-centered) kernel PCA algorithm.
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Algorithm 9.3.1 Random feature-based (non-centered) kernel PCA algorithm
(+K =Ux?U").
Compute the random projection of the dataset E = [£(x1) -+ &(xn)]
Compute the covariance matrix C = %EET.
Eigendecompose C = 1 VI2VT.
Compute U = GTVE~1

Parallel Eigendecomposition. Note that the covariance C = 22" = >~ &€(x;)€(x;)”

i=1
is a global average. If E = [51 Ep} are distributed on multiple processes
(where P-th process owns the block matrix Ep), then we can simply compute lo-
cal covariances (which are averages) and apply the distributed averaging algorithm.

Once each process has its own local estimate of the covariance Cpjoq after a num-

ber of iterations of distributed averaging, it can compute the eigendecomposition
U,

of Chiocat = %V PiocalXbocatV pioca- - Note that U = | ¢ | = ETVE™! where
U,

Up € RYP*" 5 the eigenvector components owned by the P-th process and Np is the

number of reference points owned by the P-th process. Each P-th process can now

compute its own eigenvector components: Upjocqr = E}QV p,localillgiawl.

KPCA Predictions. Given the n-th eigenvector of K, a, € R®l the n-th eigen-

vector of Cis V,, = > a,[i] (®(r;) — pr). The n-th kernel principal component of

ri€eR
a given test point q is:

(KPC)n(q)

= ayi] (k(q,r:) — ®(r;)" pr — ®(q)" pr + pRAR) (9.3.1)

r;i€cR

For a test point q € Q, computing the n-th kernel principal components requires:

2Tt is possible to adapt this to the case where N is not known or hard to find.
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The weighted kernel sum, > a,[ilk(q,r;).

r;ieR

The average kernel value for q, ®(q)” pr.

The dot product between a,, and the vector of average kernel values

[®(r1)" pr, -, R(rr)) 1]

The average kernel value among the training set puk pg.

Note that the vector of average kernel values for the test set [®(¢1)" ur, -+ , ®(qq)" 1Rr]
and for the training set [®(r1)" pgr, -, ®(rr)) pr] and the average kernel value
whpr can be computed once. The computational cost of KPCA projection for a
set of test points Q is naively O(D(|Q||R| + [R|?)). All of the above operations can
accelerated using the techniques illustrated in Chapter 3, Chapter 4, Chapter 5, and
Chapter 8.

9.4 Ezxperiments

In this section, we focus on the two items that have not been addressed in Table 13 of
Chapter 8. As mentioned earlier, we restrict ourselves to the case of positive definite
kernels with well-defined inverse Fourier transforms so that the random feature ex-
traction can be applied. Threads were used to parallelize 1) the random feature-based

projection step; 2) the computation of required local averages.
9.4.1 Kernel Matrix Inversion: Gaussian Process Regression

Here we test on the 4-dimensional subset of the SDSS (Sloan Digital Sky Survey)
Dataset Release 6 containing 39,761,242 points as our training set, a larger dataset
than the one used in Chapter 8; we took the first three dimensions for predicting
the last dimension and scaled the first three dimensions to fit in the unit hypercube

[0,1]2. We ran our experiments on the Hopper cluster utilizing 384 cores (16 nodes,

24 cores/node, 4 MPI processes/node, 6 threads/MPI process). We produced the test
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Figure 62: The plot of the minimum, lower quartile, mean, median, upper quartile,
and maximum relative errors among the predicted query regression estimates in each
iteration across all MPI processes.

set of the same size as the training set by adding Gaussian noises to the training set.
We measure the relative error deviation between the predicted centralized estimates
provided by the random features and the predicted localized estimated provided by
the distributed averaged random features across all MPI processes (see Figure 62).
We used the Gaussian kernel with the bandwidth that maximizes the marginal loglike-
lihood on a randomly chosen 10,000 reference points. In each iteration of distributed
averaging we used, each process P communicates at most log, p neighbors in the

hypercube network topology.
9.4.2 Kernel Matrix Eigendecomposition: Kernel PCA

Here we test on the MNIST dataset [111] containing 60,000 points. Each point rep-
resents a 28 x 28 image (784 dimensions). We measure the scalability of distributed

averaging-based approach stopping after the first 10 iterations. This experiment was

183



performed on the Lincoln cluster (retired and replaced by the Forge cluster as of Au-
gust 15, 2011) at XSEDE; the Lincoln Cluster consisted of 192 compute nodes and 96
NVIDIA Tesla units (which we do not utilize in this section). Given the 60,000 points,
we generated a larger dataset by perturbing the original dataset by adding Gaussian
noises. We test on the four different configurations: flat MPI, 2 threads/MPI process,
4 threads/MPI process, and 8 threads/MPI process. Figure 63 shows the scalability

results.

9.5 Conclusion

In this chapter, we explored a way of combining the random feature extraction method
with the distributed averaging framework to scale the training phases of two kernel
methods: Gaussian process regression and kernel PCA. For Gaussian process regres-
sion, the problem of inverting the kernel matrix can be reduced to the problem of
computing the ridge regression solution of the random-feature linearized problem.
For kernel PCA, the problem of eigendecomposing the kernel matrix can be reduced
to the problem of computing the eigendecomposition of a smaller covariance matrix
in the random feature space. If the communication is imperfect or slow, then the
distributed averaging framework can be used to let each process exchange informa-
tion locally. This provides the following advantages: 1) any-time estimate based on
the local averages held by the given process; 2) the convergence guarantee to the

centralized estimates; 3) the adaptability to the changes in the network topology.
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Bottom: the weak scalability experiment adding 100,000 points/core.
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CHAPTER X

CONCLUSION

In this thesis, we have explored various techniques for accelerating the computation
of three fundamental linear algebraic operations ubiquitous in machine learning and
scientific simulations. I claim there are three fundamental linear algebraic operations

ubiquitous in many data mining and scientific algorithms:
1. Kernel summations: Vx; € Xy, >, k(x1,X2)
x2€X2
2. Solving a linear system involving a kernel matrix: K=ly

3. Eigendecomposing matrices: K = UXU”

The spectrum of the contributions of this thesis for tackling these problems can be

attributed to various fields including:
1. Computational geometry: subspace tree (Chapter 5).

2. Computational physics: the first hierarchical fast Gauss transform (Chapter 3),
a hierarchical fast Gauss transform with a different Cartesian expansion (Chap-
ter 4), and its higher-order extension called multibody multipole method (Chap-
ter 7).

3. High performance computing: parallel multidimensional tree building and han-

dling the distributed data case (Chapter 8).

4. Distributed optimization: distributed averaging for fast kernel matrix inversion

and kernel matrix eigendecomposition (Chapter 9).
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Despite spanning these fields, this thesis demonstrates that many of these ideas are
similar in nature and can be unified under a single purpose of accelerating the com-
putation of kernel sums.

Future work include:

e Parallelization of Multidimensional Tree Construction using GPGPU
Parallelism: Recent literature have focused on building the tree entirely on
GPUs [209]. [27] is a recent work that builds the octree and runs the entire

kernel summations within GPUs.

e Incremental Update of Multidimensional Trees in Response to Chang-
ing Data Distribution: Previous work includes [135] for kd-trees and [55] for

random projection trees.

e Investigation of Practical Data Structures for Statistical and Simula-
tion Methods: This work started during my years of undergraduate research
for investigating practical data structures for the nearest-neighbor problem. A
preliminary report [81] detailing empirical comparison of over forty different
structures has been written. This study, however, was under the setting of
single-core machines. I plan to do more thorough comparisons on heteroge-

neous/multicore architectures.

e Distributed Optimization: Alternating Direction Method of Multipliers [23]

is gaining attention in the machine learning community.

e Graphical Model Inference and Efficient Implementations: Kernel meth-
ods and graphical models constitute major parts in machine learning and data
analysis. Whereas kernel methods model relationship between pairs of observa-
tions, graphical models can model relationship (i.e. conditional independence)

among the attributes describing each multivariate observation. I plan to explore
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relationship between graphical model inference methods and kernel methods to
develop richer models. Because richer models come at the expense of requiring
more computational time, I plan to delve into (1) parallelization/decomposition
techniques for large-scale inference learning [131, 125] and (2) applying acceler-
ation techniques for kernel methods developed in this thesis. In particular, [177]
has applied random feature techniques for kernel methods in the context of ac-
celerating a kernelized form of belief propagation, a fundamental operation in

graphical model inference.

e Large-Scale Real-Time Application: Acceleration techniques investigated
in my thesis have the potential to make real-time applications feasible, such as
surveillance applications [103]. In [103], we have developed a new representation
for matching motion trajectories using Gaussian process regression. Making this
system feasible in a real application requires (1) an effective way of handling
streaming data; (2) an efficient way of updating each representative model. I am
planning to explore a GPGPU-based acceleration using the CUDA programming

framework.
Publications that comprise and support this thesis include the following;:

e Dongryeol Lee, Alexander G. Gray, and Andrew W. Moore. Dual-Tree Fast
Gauss Transforms. In: Advances in Neural Information Processing Systems,

2005.

e Dongryeol Lee and Alexander G. Gray. Faster Gaussian Summation: Theory
and Experiment. In: Proceedings of the T'wenty-Second Conference on Uncer-

tainty in Artificial Intelligence, 2006.

e Ping Wang, Dongryeol Lee, Alexander G. Gray, and James M. Rehg. Fast Mean
Shift with Accurate and Stable Convergence. In: Proceedings of the Eleventh

International Conference on Artificial Intelligence and Statistics, 2007.
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Dongryeol Lee and Alexander G. Gray. Fast High-dimensional Kernel Sum-
mations Using the Monte Carlo Multipole Method, In: Advances in Neural

Information Processing Systems, 2008.

Dongryeol Lee, Alexander G. Gray, and Andrew W. Moore. Dual-Tree Fast

Gauss Transforms (arXiv).

Parikshit Ram, Dongryeol Lee, Hua Ouyang, and Alexander G. Gray. Rank-
Approximate Nearest Neighbor Search: Retaining Meaning and Speed in High

Dimensions. In: Advances in Neural Information Processing Systems, 2009.

Parikshit Ram, Dongryeol Lee, William B. March, and Alexander G. Gray.
Linear-time Algorithms for Pairwise Statistical Problems. In: Advances in

Neural Information Processing Systems, 2009. Spotlight Presentation.

Dongryeol Lee, Arkadas Ozakin, and Alexander G. Gray. Multibody Multipole

Methods. Under submission to Journal of Computational Physics, 2011.

Kihwan Kim, Dongryeol Lee, and Irfan Essa. Gaussian Process Regression Flow
for Analysis of Motion Trajectories. In: Proceedings of IEEE International

Conference on Computer Vision, 2011.

William B. March, Arkadas Ozakin, Dongryeol Lee, Ryan Riegel, and Alexander
G. Gray. Multi-Tree Algorithms for Large-Scale Astrostatistics. In Advances in
Machine Learning and Data Mining for Astronomy, Chapman and Hall/CRC
Press, 2012.

Dongryeol Lee, Richard Vuduc, and Alexander G. Gray. A Distributed Kernel
Summation Framework for General-Dimension Machine Learning. To appear in

SIAM International Conference on Data Mining, 2012. Best Paper Award.
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e Parikshit Ram, Dongryeol Lee, and Alexander G. Gray. Nearest-Neighbor
Search on a Time Budget via Max-Margin Trees. To appear in STAM Interna-

tional Conference on Data Mining, 2012.

e Kihwan Kim, Dongryeol Lee, and Irfan Essa. Detecting Regions of Interest
in Dynamic Scenes for Camera Motion. To appear in IEEE Conference on

Computer Vision and Pattern Recognition, 2012.
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APPENDIX A

PSEUDOCODE FOR SERIES EXPANSION

This section explains how to implement the O(p”) series-expansion mechanisms in
computer languages such as C/C++.

Storing the Far-field/Local Moments as a Linear Array. Although the mo-
ments are inherently multi-dimensional, we store all coefficients in a C-style one-

)” local moment terms. Sim-

dimensional array. Each query node stores (pma + 1
ilarly, each reference node stores (pmaz + 1)D far-field moment terms. These are
allocated as a linear array during the construction of the two trees, as shown in Fig-

ure 26 which implies a bijective mapping between D-digit radix-(p,e; + 1) numbers

and decimal numbers between 0 and (p. + 1) - 1 inclusive.

Converting between a Position and a Multi-index in the Linear Array.
Algorithm A.0.1 shows the mapping from a position in the linear array of (p,a: + 1)D
terms to its corresponding multi-index. The algorithm converts the given position

(given in base 10) to a number in base p. Algorithm A.0.2 converts the given multi-

Algorithm A.0.1 PosITIONTOMULTIINDEX(4, p): Converts the position of a linear
array of length (p + 1)” to its multi-index.

{i-th position maps to the multi-index a.}
Q—1.. D 0
ford=D tod=1do

ald— (D -1)] « | 4]

p+1
i<+ 1 mod (p+1)
return o

index to its corresponding position in the linear array of length (paz + 1)D.
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Algorithm A.0.2 MULTIINDEXTOPOSITION(ax): Converts the given multi-index to
its corresponding position in the linear array of length (pa: + 1)D.
x <+ 0, f+1
ford=Dtod=1do
r+r+ f-ald
f<_f'(pmax‘|‘1)
return z

Computing a Multi-index Expansion of a Vector. A multi-index expansion
of a vector x € R? up to p” terms is basically the set of coefficients {x*}q<,. See
Figure 64. This is used in the process of forming a far-field moment contribution of
a single reference point in ACCUMULATEFARFIELDMOMENT and evaluating a local

expansion in EVALLOCALEXPANSION.

1 x[2] (x[2] (x[2])

x[1] x[1]x2] |x[1)(x[2]) | x[1)(x[2])
(x[1])? (x[1D*x[2] |Gl (x[2])7) (x[1])*(x[2])°
(x[1]? (e[1D’x[2] | (e [1]) (e [2]) (=[] (x[2])

Figure 64: The multi-index expansion of x = [x[1],x[2]]* up to 16 terms.

Algorithm A.0.3 MULTIINDEXEXPANSION(x, p, M'): Computes M’ = {x*}_,_ .
M'[0] 1
foreachi=0toi=(p+1)” —1do
{Retrieve the multi-index mapping of the current position.}
o < PoSITIONTOMULTIINDEX (4, )
j < the first index of a such that a[j] > 1.
{Found a direct ancestor of the multiindex map a.}
o —a, dj—adj]-1
{Recursively compute the a-th multi-index component based on a/'-th.}
M'[i] < M/[MULTIINDEXTOPOSITION(a')] - x[/]

Far-field Moment Accumulation (Equation (3.1.11)). This is straightforward
given the implementation of the function MULTIINDEXEXPANSION. It computes the

multi-index of each reference point in the given reference node and accumulates each
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Algorithm A.0.4 ACCUMULATEFARFIELDMOMENT(R**): Equation (3.1.11).
{Temporary space that is equal in size to { My (R, crew) fa<pm -}

/!
M (p77Laz+1)D 1 A 0
for each r;, € R do
X «
{Add M = { (Be s }a< onto { Mo (R™, o) Yapm -}
SPmazx
MULTIINDEXEXPANSION R‘”‘", mm,M’)

{Ma(Rﬁub’ CR"'“b)}aSpmaw — {M (Rsub CRS“b)}agp,,w M
for i = 0t0 i = (pmas +1)” — 1 do
MQ(RSUI)? CRS“’b) — Ma (RSUb, CRsub) . é

contribution and normalizes the sum. See Algorithm A.0.4.

Far-to-Far Translation Operator (shown in Algorithm A.0.5). This consists of a

doubly-nested for-loop over accumulated far-field moments.

Algorithm A.0.5 TRANSFARTOFAR(R/, R*“"): Implements Equation (3.1.17).

CRr/—Cpsu *
[Allocate space for and compute { (25822 ) }a<pm‘}
Cio

. pmaz"l‘l)
MULTIINDEX EXPANSION <%, Dinaz C)

D_1<—O

for i =0 to i < (ppae + 1) do
~ < POSITIONTOMULTIINDEX (%, Dyaz )
for j =0t0 j < (Pmes +1)P do
o < POSITIONTOMULTIINDEX (], Prnaz)
if a <~ then
My (R cgow) — Mo (R, cgow)+

aranMa(R cr/) - C[MULTIINDEXTOPOSITION(Y — a)]

Computing the Multivariate Hermite Functions. We exploit the fact that

the multivariate Hermite functions is a product of D univariate Hermite functions.

Algorithm A.0.6 computes partial derivatives of the Gaussian kernel evaluated at the

given point = along each dimension up to p-th order. hq(x) = [] haq() is a simple
d=1

product of the univariate functions (see Algorithm A.0.7).
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Algorithm A.0.6 COMPUTEPARTIALDERIVATIVES(a, p, H): Evaluates the partial
derivatives of exp (—x?/(2h?)) up to p-th order at each coordinate of a.
for d=1to D do
HI[d][0] < exp (—(ald])?)
if p > 1 then
Hd)[1] « 2- ald] - exp (—(ald])?)
if p > 2 then
fork=1tok=p—1do
H[d][k + 1] < 2 - a[d] - H[d][k] — 2 - k - H[d][k — 1]

Algorithm A.0.7 CoMPUTEHERMITEFUNCTION(H, ): Computes the Hermite
function he(+) using the pre-computed partial derivatives H.
f+1
for d=1to D do
[ f-Hld][ald]
return f

Evaluating a Far-field Expansion. Once the functions for computing the Hermite
functions (Algorithm A.0.6 and Algorithm A.0.7), we can implement the function for
evaluating a far-field expansion up to O(p?) terms, as shown in Algorithm A.0.8. The
basic structure is one outer-loop over each query point and the inner loop iterating
over each far-field moment. The contribution to each query point is computed as a
dot-product between the far-field moment and the computed Hermite functions (see

Figure 18).

Far-to-Local Translation Operator. The basic structure of the algorithm is
a doubly nested for-loop, each over the coefficients. The doubly-nested for-loop
first translate a portion of the accumulated far-field moments of R*** up to p”
terms into the local moments. The final step of the algorithm is to add the trans-
lated moments Ng({(M(RS“b, creut ), (Cqeur, p))}) to the local moments stored in Q**2,

Na(cqeuw, RPH(Q?) URF(Q*)). See Algorithm A.0.9.
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Algorithm A.0.8 EVALFARFIELDEXPANSION(R***, Q%“*, p): Evaluates the far-field
expansion of R*“> up to (p + 1)? terms.

{Allocate space for holding the partial derivatives.}
Hd:l,--~,D ~—0
k=0, .p
for each q;_ € Q*** do
{Compute partial derivatives up to p-th order along each dimension.}

COMPUTEPARTIALDERIVATIVES (C“*‘;—V%;”, P, H)

w <0

fori=0toi=(p+1)”—1do
o <+ POSITIONTOMULTIINDEX (4, p)
f < CompuTEHERMITEFUNCTION(H, o)
w4 w + Mo (R, cgom) - f

D(di,; R (i) = @(qi; R (i) + 0

Direct Local Accumulation Operation. The basic structure is a doubly-nested
for-loop, the outer-loop over the reference points whose moments are to be accu-
mulated as local moments and the inner loop over the coefficient positions. See

Algorithm A.0.10.

Local-to-Local Translation Operator. We direct readers’ attention to the first
step of the algorithm, which retrieves the maximum order among used in local moment
accumulation /translation. Then the algorithm proceeds with a doubly-nested for-loop

over the local moments applies Equation (3.1.18). See Algorithm A.0.11.

Evaluating the Local Expansion of a Query Node. This function (see Algo-
rithm A.0.12) contains one outer-loop over reference points and the inner-loop over
the local moments up to (p+ 1) terms, where p is the maximum approximation order

used among the reference nodes pruned via far-to-local and direct local accumulations.
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Algorithm A.0.9 TRANSFARTOLOCAL(R**, Q* p): Implements Equa-
tion (3.1.13).

Hd:l,--- D 0
k:07 92p

Cosub —Crsu
COMPUTEPARTIALDERIVATIVES (%, op, H )

fori=0toi=(p+1)” —1do
B < POSITIONTOMULTIINDEX (i, p)
forj=0toj=(p+1)”-1do
o <+ POSITIONTOMULTIINDEX(j, p)
f + CoMPUTEHERMITEFUNCTION(H, a + 3)
Nﬁ ({M/@(Rsub, CRsub), Cqu,b,p) }) <— Nﬁ ({Mﬁ(RSUb, Cf{lsu,b)7 Cqub 5 p)}) +
MOL (RSUb, CRsub) : f
~ _1)l8l =~
NB ({Mﬁ(RSUb, CRsub), Cqub,p)}) <_ ( ;)' N/@ ({Mﬁ(RSUb7 CRsub), Cquh,p)})
[Na(cqu, RPHQ™) U RZHQ™)}ps,  «  {Nalcqu RP(Q™) U

RFH(Q")} oz + { N ({Ma(R™, cpow). (cqu,p)}) }

B<p

Algorithm A.0.10 AcCUMULATEDIRECTLOCALMOMENT(R** Q% p): Imple-
ments Equation (3.1.12).

Hazio..0 40, {Ns({(R***, (cqus, ) }) }p<p <= 0
= 7»--’l)

for each r;, € R* do
COMPUTEPARTIALDERIVATIVES (%,p, H)
fori=0to (p+1)P —1do

o <+ POSITIONTOMULTIINDEX (4, p)
f < CoMPUTEHERMITEFUNCTION(H, 3)

Na({(R*™, (cque, )P }o<p < Na({(R*, (cqew, ) ) }a<p + 77;
{]Yﬁ({(RSUb> (cque, ) ) p<p < {Ns({(R*, (e, )} }osp =
{Ns(cqu, RPHQ™) U RZHQ™))}p<, — {Ns(cqu, RPHQ™) U
R7(Q™))}o<p + {Ns({(R*, (cquw, ) }) <y
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Algorithm A.0.11 TRANSLOCALTOLOCAL(Q®®',Q***):  Implements Equa-
tion (3.1.18).

{p is the maximum approximation order used among the reference nodes pruned
via far-to-local and direct local accumulations for Q**".}
{Temporary space that is equal in size to {NB}}
{X }0 (p+1)P—1 0
MULTIINDEXEXPANSION <%,p, X)
for j=0to (p+1)” —1do
o <+ POSITIONTOMULTIINDEX(j, p)
fork=0to (p+1)P? —1do
B < PosITIONTOMULTIINDEX (K, p)
if 3> o then
N/@(Cwa RDL(qub’)URF2L<qub’>> « ng(Cwa RDL(qub’>URF2L(qub’))
aioay La(Cqurs Ro(Q™) URT(Q™) Xp-a
{Nas(cqu, RDL(QM)~ U RQ™)}ss,  —  {Na(cqw,Rp(Q™) U
RFZL(QSUb)>}ﬁSp + {NB(Cqub, RD(qub’) U RFZL(QSUb/))}IBSp

Algorithm A.0.12 EVALLOCALEXPANSION(Q®*): Evaluates the accumulated local
expansion of the given query node Q**.

{p is the maximum approximation order used among the reference nodes pruned
via far-to-local and direct local accumulations for Q**.}

.. . Qi —Cosub
{Temporary space to hold the multi-index expansion of each (Th‘j) 3
Xi:0,~~-,pD—1 0

for each q;, € @ do
240
{Compute the multi-index expansion of 012%’"” up to p” terms.}

MULTIINDEXEXPANSION (%‘;—V%“”’, D, X)
fori=0toi=p"” —1do

B < POSITIONTOMULTIINDEX(i, p)

2 ¢ 2+ Na(cgu, RPH(Q™) URFH(Q*)) - 2
®(q;,.; RP(a,,) URP (qp,,))  O(qs,; RPH(a,,) URP (qp,,)) + 2
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